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Abstract 



We discuss general properties of moduli stablization in KKLT scenarios in type IIB 
orientifold compactifications Xq. In particular, we find conditions for the Kahler poten- 
tial to allow a KKLT scenario for a manifold without complex structure moduli, i.e. 
^(2 i)("'^6) = 0. This way, a whole class of type IIB orientifolds with /i^2 i)(^6) = is ruled 
out. This excludes in particular all Zyv-and Z^r x Zjvf^orientifolds Xq with /i(2,i)(-^6) = 
for a KKLT scenario. This concerns Z3, Z7, Z3 x Z3, Z4 x Z4, Zg x Zg and Z2 x Zg/ -both 
at the orbifold point and away from it. Furthermore, we propose a mechanism to stabilize 
the Kaehler moduli accociated to the odd cohomology H^y^\XQ). 

In the second part of this work we discuss the moduli stabilization of resolved type IIB 
Z^r- or Ztv X ZM^orbifold/orientifold compactifications. As examples for the resolved Zg 
and Z2 X Z4 orbifolds we fix all moduli through a combination of fluxes and racetrack 
superpotential. 
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1. Introduction 

As it is known already for some time, the landscape of consistent string compact- 
ifications is vast and contains many possible solutions. In particular, a large class of 
lower-dimensional string vacua is formed by four-dimensional, supersymmetric string com- 
pactifications containing massless scalar fields with arbitrary vacuum expectation values 
in the low energy effective field theory. These fields are in one-to-one correspondence with 
the continuous parameters of the underlying background geometry, and hence they are 
called moduli fields. However, massless moduli are unacceptable from the phenomenologi- 
cal point of view, since such fields give rise to a fifth force of about gravitational strength. 
Hence mechanisms for stabilizing moduli in string theory must be explored. Getting rid 
of moduli means that, seen from a stringy or geometrical point of view, we are looking for 
internal conformal field theories resp. for background spaces which are rigid, i.e. do not 
allow any continuous deformations. On the other hand, within the effective field theory, 
moduli stabilization is achieved by creating an effective potential that lifts all flat directions 
of the scalar fields. 

To arrive at the goal of constructing string vacua with a tiny, positive de Sitter (dS) 
cosmological constant, ^ds / Mp^^^^y. ~ 10"^^'^, and without massless moduli, the follow- 
ing two-step procedure, proposed by KKLT in the context of type type IIB orientifold 
compactifications, seems to be a promising scenario [|1|: in the first step one constructs 
compactifi cations that lead to four-dimensional, N=l supersymmetric anti-de Sitter (AdS) 
string vacua with all moduli fixed in the minimum of the F-term effective scalar potential. 
Here the value of the negative AdS cosmological constant is of the order of the phenomeno- 
logically required scale for supersymmetry breaking in the supersymmetric Standard Model 
(SSM), i.e. \AAds\ ~ 0{lTeV)'^. This method has the advantage that supersymmetric 
AdS- vacua with stabilized moduli are much easier to be constructed than supersymmetric 
Minkowski vacua with stabilized moduli fields. The second step of the KKLT scenario 
is to break supersymmetry by uplifting the AdS minimum to a dS vacuum with a tiny 
positive cosmological constant. Possible mechanisms for this uplift are either an explicit 
supersymmetry breaking by adding anti L>-branes or spontaneous supersymmetry breaking 
by additional D-term contributions P] to the effective scalar potential. Although many 
details of the uplift procedure still have to be worked out in concrete models, this proposal 
is attractive since the observed supersymmetry breaking scale in the SSM, like the grav- 
itino mass, is set already by the first step of the KKLT procedure, and hence is robust 
against the details of the uplift. The second virtue of this scheme is that the masses of 
the moduli are also quite insensitive against many details of the uplift, provided that the 
(mass)^ matrix M^j of the moduli is positive definite already in the AdS minimum of the 
effective potential, and that its eigenvalues are large compared to |AAds|. As we will see, 
the requirement of positive definiteness of M^- can fail in explicit string compactifications. 
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On the other hand, the KKLT scenario requires a certain amount of fine tuning of param- 
eters, in particular to achieve the necessary hierarchy of scales A^s ^ |A^(i5| ^ Mpianck- 
Taking into account the huge number of points in the string landscape, this hierarchy can 
possibly find a statistical or even an anthropic explanation. 

In this paper we continue our previous work on type IIB orientifold compact- 
ifications, here addressing the question for which concrete six-dimensional Calabi-Yau 
spaces all moduli can be stabilized in the large radius limit. Concretely we will investi- 
gate type IIB orientifolds on six-dimensional toroidal orbifolds away from the singular 
orbifold point, i.e. we will consider the case where the orbifold singularities are resolved 
by blow-ups. Our choice of background geometries is dictated by a kind of a compromise: 
on the one hand, in order to get a concrete handle on the KKLT scenario, we need to 
investigate models where calculability of the effective action after compactification is still 
possible due to the orbifold geometry. On the other hand, these background spaces are in 
fact smooth Calabi-Yau manifolds with a lot of non-trivial properties, such as a relatively 
large number of moduli fields. A detailed investigation of the properties of these spaces is 
performed in a companion paper A preview of some of these results has been given 
ini. 

In addition, it was independently demonstrated that type IIB orientifolds on orbifolds 
have several attractive phenomenological features, such as a non- vanishing probability to 
find the SSM in the open string spectrum on D-branes of the theory (for the Z2 x Z2 
orientifolds this probability is about one in a billion [^). In contrast to the observable 
gauge and matter sectors of the SSM, the question of moduli stabilization on the other 
hand focuses on the properties of the hidden sector, which is coupled to the SSM sector 
through gravitational interactions or also through new gauge interactions. Hence the SSM 
sector and hidden sector can be regarded as two different modules which eventually have 
to be implanted at the same time at two different corners of the internal CY space. To 
analyze whether this is possible is beyond the scope of this paper. In this work we limit 
ourselves moreover to the stabilization of the closed string moduli of the background. 

The successful implementation of the of the KKLT scenario requires that the following 
requirements are met in concrete CY compactifications: 

(i) Turning on 3-form fiuxes through 3-cycles of the CY space must fix all its complex 
structure moduli plus the type IIB dilaton field at string tree level [0. In the effective 
action non- vanishing 3-form fluxes generate a tree level N=l superpotential ||^ for the 
complex structure moduli chiral multiplets and the dilaton, and one has to check that 
in the corresponding scalar potential the supersymmetry conditions (vanishing of all F- 
terms) stabilizes all these scalar flelds. As it turns out, this condition is generically satisfied 
in type IIB orientifold compactifications. Without any further input the corresponding 
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supersymmetric flux ground states are flat Minkowski vacua where all the Kahler moduli 
are still undetermined flat directions of the effective scalar potential. 

(n) In order to stabilize the Kahler moduli of the underlying Calabi-Yau space, non- 
perturbative effects are needed. The Kahler moduli correspond to the volumes of homolog- 
ically non-trivial four-cycles inside the Calabi-Yau manifold, called divisors. Speciflcally, a 
non-vanishing superpotential for these flelds may be generated by Euclidean L>3-brane in- 
stantons which are wrapped around the corresponding divisors . For the divisor volume 
to be stabilized by Euclidean DS-instantons, it must fulflll a certain condition: it must 
allow for precisely two fermionic zero modes on the D3-brane world volume. As we will 
show, these conditions cannot be satisfled for all orientifolds of blown-up orbifolds geome- 
tries, and hence we are left with models, which still possess flat directions in the Kahler 
moduli space. Another, alternative mechanism to stabilize Kahler moduli flelds is provided 
by gaugino condensation [|10|, within the effective Yang- Mills gauge theory on a stack of 
space-time fllling DT-branes, which are also wrapped around a divisor of the CY space. 
Again certain conditions have to be met for a non-vanishing gaugino condensate. First, 
being space-time fllling, the DT-branes have to satisfy together with the 07-orientifold 
planes the i?-R~tadpole conditions. This restricts the number of L>7-branes and also the 
choice of divisors around which they can be wrapped. Second, the matter spectrum of 
the effective DT-brane gauge theory must be such that a non-perturbative superpotential 
is formed by the gaugino condensates. Speciflcally, no massless adjoint chiral multiplets 
should appear in the effective gauge theory. This requirement restricts the bosonic zero 
modes on the DT-brane world volume, i.e. the DT-branes should not have any open string 
moduli flelds, namely either Wilson line moduli on its world volume or geometrical moduli 
that determine the DT-brane positions in the two-dimensional transversal directions inside 
the CY space. These conditions essentially mean that the divisor must be rigid inside the 
CY space. Furthermore also the spectrum of fundamental chiral flelds is restricted, such as 
the number of bifundamental representations that originate from DT-brane intersections 
or from open string 2-form fluxes on the Z)7-brane world volumes. 

{in) Even if one has succeeded to stabilize all moduli in an AdS vacuum, there is another 
condition that is related to the stability of the orientifold compactiflcation after the uplift 
to a dS vacuum. Concretely, it is well known that stable AdS vacua are also possible for 
the case that the (mass)^ matrix Mfj of the moduli contains negative eigenvalues as long 



as the absolute value of M?'- is within the Breitenlohner-Freedman bound [O. However 
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if one wants to perform the dS uplift in the way described above, we have to insist that 
Mfj is positive deflnite. As we will discuss, this requirement gives rise to a quite powerful 
theorem: for CY orientifold compactiflcations without complex structure moduli one can 
show that under very mild conditions on the Kahler potential of the Kahler moduli flelds, 
stability after the uplift cannot be achieved. 
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In order to see for which resolved orbifold geometries all moduli can be stabilized we 
will essentially follow the following steps: 

• We start with some toroidal orbifold and describe the local patches near the singularity 
with toric methods. Then we resolve the singularities via blow-ups. Next we have to glue 
together the local patches in order to get a smooth CY space Yq. Having done this we can 
compute certain geometrical and topological data of Yq. These are the triple intersection 
numbers of the divisors, which enter the Kahler potential of the Kahler moduli fields. 
In addition one also needs the topological Hodge numbers of the divisors, in order to 
decide which divisors can contribute to the non-perturbative superpotential. This first 
step is subject of the companion paper on the geometry of blown-up orbifold spaces. 
In Section 5 we will heavily rely on these results. 

• In the second step we perform an orientifold projection on the smooth CY, which gives 
rise to 03/07-planes and also D3 and L>7-branes for tadpole cancellation. Going from 
N=2 type IIB compactifications on a CY covering space Yq, such as the blown up orbifolds, 
to its N=l relative on a CY orientifold Xq with 03 and 07-planes leads to several new 
effects which are relevant in the context of the KKLT moduli stabilization program. First 
of all, the orientifold projection leads to a field redefinition of the Kahler moduli fields 
together with the dilaton field. Second, the Z2 orientifold projection will change some of 
the triple intersection numbers, which enter the Kahler potential of the Kaher moduli fields. 
Third, whenever an orbifold group contains subgroups of odd order, some of the fixed sets 
under these subgroups will not be invariant under the global orientifold Z2 involution. 
E.g. when certain fixed points or lines are identified under the orientifold quotient, the 
2-(co)homology splits into an invariant and an anti-invariant part under the orientifold 
action. This implies that only the geometric divisor moduli of invariant patches can be 
fixed by the non-perturbative superpotential. On the other hand, the moduli associated 
to non-invariant divisors are not any more geometrical divisor volumes, but rather are 
given by a combination of two-form gauge potentials. Since the superpotential does not 
depend on them, these moduli cannot be fixed by the KKLT mechanism. However, as 
we will discuss, they will appear in a D-term scalar potential. Requiring supersymmetric 
ground-states with vanishing D-terms will allow us to stabilize also these moduli fields. 

• Then we determine the Kahler potential for the Kahler moduli fields using the triple 
intersection numbers. In addition one has to compute also the Kahler potential for the 
complex structure moduli fields. We will be able to do this explicitly only for orbifolds 
with only untwisted complex structure moduli fields. 

• Furthermore we compute the non-perturbative superpotential for the Kahler moduli 
fields from the divisor topologies. In addition we compute the tree level 3-form fiux 
superpotential for the dilaton and the complex structure moduli fields. 

• Finally we determine the supersymmetric AdS vacua of the scalar potential and compute 
the corresponding values of all moduli fields. 
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2. Moduli stabilization and stability in type IIB orientifolds 

2.1. Calahi-Yau orientifolds of type IIB with D3 / D7 -branes 

We start with a type IIB compactification on a Calabi-Yau (CY) manifold Yg. This 
leads to N=2 supersymmetry in D = 4 dimensions. The geometry of the manifold Yq 
is described by i)(l6) Kiihler moduli and /i(2,i)(^6) complex structure moduli. These 
moduli fields represent scalar components of N=2 hyper- and vector multiplets, respec- 
tively. Together with the universal hypermultiplet we have /i(i,i)(^6) + 1 hypermultiplets 
and /i(2,i)(^6) vector multiplets. 

To arrive at N=l supersymmetry in D = 4 we introduce an orientifold projection O, 
which produces orientifold 03- and 07-planes. To cancel tadpoles and to construct models 
of phenomenological interest we add D3 and D7-branes. The orientifold projection O 
0,0 

O = i-lf^ n a* (2.1) 

acting on the closed type IIB string states is given by a combination of world-sheet parity 
transformation Q and a reflection a in the internal CY space. The CY geometry modded 
out by the additional involution a is labeled by Xq. To obtain 03/07-planes the action 
a must act holomorphically and satisfy 

C^* ^(3,0) = -^(3,0) 7 (2-2) 

with f^(3,o) the holomorphic 3-form of the CYM Xq. 

Due to the holomorphic action of cr, the latter splits the cohomology groups 
into a direct sum of an even eigenspace H^''^\Xq) and an odd eigenspace H^''^\Xq) fl^ . 
Since the Kahler form J is invariant under the orientifold action, it is expanded w.r.t. a 
basis of H^'^\Xq). On the other hand, because of (|2.2| ), the holomorphic 3-form fi(3,o) 
may be expanded w.r.t. a real symplectic basis {a\, P^) of H^\Xq) , i.e. 

J= ^ t'^ , 0(3,0) = J2 - ^^'^^ ' (2.3) 

k=l A=0 

with (X^^Fx) the periods of the original CYM Yq. Furthermore, in type IIB orientifolds 
with D3 and iD7-branes, the NSNS two-form B2 and the RR two-form C2 are odd 
under the orientifold action (— 1)^^0. Hence, they are expanded w.r.t. a basis of the 
cohomology H^'^\Xq), i.e. 

B2= 5^ 6"Wa , C2= J2 C'^'^a. (2.4) 

a=l a=l 
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In type IIB orientifolds the fields 6" and c" give rise to h^^ ^^(Xg) complex scalars 

G'^ = i c'' - S b" , a = l,...,/i[^])(X6) (2.5) 

of N=l chiral multiplets [|14|, whose vevs eventually should be fixed. Clearly, D3 and D7- 
branes may be wrapped only around 4-cycles whose Poincare dual 2-form is an element 
of H^{Xq). To summarize, in addition to the dilaton field 

S = e"*^^" + i Co (2.6) 

a CY orientifold compactification Xq has h^^^^^^{XQ) Kahler moduli t^, ^^-^{Xe,) scalars 
and /i^ i^i^e) complex structure moduli u^. As shown0 in Table 1, under the orien- 
tifold action O the original set of i)(y6) + 1 N=2 hypermultiplets and /i(2,i)(^6) N=2 
vectormultiplets is split into a set of N=l chiral and vectormultiplets. 



1 


dilaton 


S 


chiral multiplet 




ISD S — f orm flux G3 


'^(2,1)(^6) 


CS moduli 




chiral multiplets 




ISD S — f orm flux G3 


<1)(^6) 


Kahler moduli 




chiral/linear multiplets 




D3 instanton 
gaugino condensation 


'^(1,1)(^6) 


add. moduli 




chiral multiplets 




calibration 
massive vector 


'^(2^1)(^6) 


add. vectors 




vector multiplets 







Table 1: Moduli of Calahi-Yau orientifold Xq and their stabilization mechanism. 



The additional /i^2 l)(^6) vectors (and their magnetic duals) arise from the Ramond 4- 
form C4 reduced w.r.t. the cohomology -ff_^ (^e)- Besides the dilaton field S in the Kahler 
potential for the moduli fields 

K = -ln(^ + ;S) -21n Qy J AJ AJ^ -ln(^-i j O A (2.7) 

only the h^^'^^-^{XQ) invariant Kahler moduli t'^ and the /i^ i^i^e) invariant complex struc- 
ture moduli enter explicitly. However, the string theoretical Kahler moduli P are not yet 

^ Here and in the following, where no confusion with the orientifold action Q may occur we 
shall use Q for Q(3^o)- 
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scalars of an N=l chiral multiplet. After defining the proper holomorphic moduli fields 
the string framei) Jl^ 



in 



2 



j be ^ ^ 



i2.i 



the second term Kkm — — 21nVo/(X6) = —2\n ^JCijkf^tH^ in 



may be expressed in 



terms of the N=l fields . This way, in the low-energy effective action of type IIB CY 
orientifolds, the fields do enter the Kahler potential for the Kahler moduli t'^ through 
eliminating the moduli via the definition ( p.8| ). By that the Kahler potential Kkm 
for the h^^^\-^{XQ) Kahler moduli becomes a complicated function Kkm{S,T^ .C^) 

depending on the dilaton 5", the h^^^^^i^X^) moduli and the h^^^ \^{Xq) moduli fl^ 



In ( |2.8| ) the axion originates from integrating the RR 4-form along the 4-cycle Cj . The 
full Kahler potential 

K = -\rv{S + ^)-2\nVol{XQ)+Kcs (2.9) 
for the dilaton 5", h^^\s^{XQ) Kahler moduli T'^, /i^^^ i)(-^6) scalars and h^^^^ i)(^6) com- 



plex structure moduli takes the form [14|: 



K = - \n{S + S)+ Kkm{S, T^ G«) + Kcs ■ 



(2.10) 



To illustrate the structure of the modified Kahler potential, let us briefly discuss the 
,(+) (v^^-i - ^(-) 

KKM{t) = -21nt3. 
derive from (|2.8|) 



case h^^^^'^^^^Xo] 



h^^ 1^^{Xq). The Kahler potential for the single Kahler modulus t is: 



With the intersection numbers /C 



ttt 



6, ICf = and JC 



tbb 



1 we 



T 



1 



c b 



and the full Kahler potential (p.lOj ) becomes 

1 



K = -ln(^ + ^) -3 In 



9 



T + T + 



3 (G + Gf 

4 S + S 



+ Kcs ■ 



:2.ii) 



Before adding background fluxes, in the effective D = 4 action the flelds 5", u^, P , 6" 
and have flat directions, i.e. no potential is generated for them and their vevs may 
assume arbitrary values in their moduli spaces. Fixing these moduli through some F- or 
D-term potential is the main topic of this article. In the two last columns of Table 1 we 
have shown the different mechanisms how to stabilize these moduli. These mechanisms 
shall be discussed in Subsections 2.2, 2.3 and Section 3. 



^ In the Einstein frame the Kahler moduH are multiplied with e 2'^io_ the Einstein 



frame the CY volume reads VoI{Xq 
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2.2. Stabilization of Kdhler moduli associated to the cohomology H^'^\Xq) 

In the following we shall assume a flux compactification of a type I IB CY orientifold 
with /i^-^ ^^-^{Xq) — and a general Kahler potential Kkm for the n :— /i|^^^^(X6) Kahler 
moduli: 

Kkm{T\ . . . ,T'',t\ . . . X) = K{T^ +t\ . . . .T"" + T) . (2.12) 
We shall adress the case h^^^ i)(-^6) 7^ in Section 3. We consider the racetrack superpo- 



tential [15 



W = WoiS, U) + X ^Tjl-^, U) e"^ . (2.13) 
The flrst term Wq of ( p.l3|) represents the tree-level flux superpotential 



Wo{S,U) = AO (2.14) 

depending on the dilaton S and the h^^^ \-^{Xq) complex structure moduli U^. Since O G 

H^\Xq), we also must have G3 G H^\Xq) with 2/i2 i''(^6) + 2 complex flux components. 
In Eq. ( |2.13| ) we assume Wq G C, jj G C, and aj G R_. In addition, A G R is a real 
parameter accounting for a possible so-called Kahler gauge {of. Subsection 5.4). The latter 
may be used to adjust a certain flux value given by Wq to a given minimum in the Kahler 
moduli space (T^, . . . , T^), of. Ref. |]T^. We do not consider a possible open string moduli 
dependence of the superpotential fT^,!!! • 



The work of KKLT |]1[] proposes a mechanism to stabilize all moduli at a small positive 
cosmological constant. This procedure is accomplished through three steps. One flrst 
dynamically flxes the dilaton 5" and the complex structure moduli U'^ through the tree- 
level piece Wq (given in Eq. ( |2.14| )) of the superpotential. This is accomplished with a 
generic 3-form flux G3 with both ISD- and I AS D-Rux components. At the minimum of 
the scalar potential in the complex structure and dilaton directions, the flux becomes ISD 
and the potential assumes the value Vo{S,U^) = —3e^\Wo\'^. The soft masses ms^mux 
for the dilaton and complex structure scalars are generically of the order a' jB? [^. In the 
large radius approximation Re(T) ^ 1, the non-perturbative terms in ( |2.13| ) only amount 



to a small exponentially suppressed additional contribution to ms,mux. According to 
23 the latter IS negligible. The second step is the addition of the non-perturbative 



piece to the superpotential ( p.l3|) , which allows the stabilization of the Kahler moduli 
at a supersymmetric AdS minimum. The soft masses for the Kahler moduli are much 
smaller than soft masses ms and mux. This property allows us to separate the flrst and 
second step, i.e. to effectively flrst integrate out the dilaton and complex structure moduli. 
Nonetheless, strictly speaking these two steps should be treated at the same time and that 
is what we shall do in Subsection 2.3. The stability of AdS vacua in gravity coupled to 
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scalar fields has been investigated in Ref. [|TT|. Stability is guaranteed, if all scalar masses 



fulfill the Breitenlohner-Freedman (BF) bound |Tll], i.e. their mass eigenvalues do not fall 
below a certain minimal bound. The latter is a negative number related to the scalar 
potential at the minimum. It can be shown in a completely model independent way that 
all scalars have masses above this bound at any N=l supersymmetric AdS minimum in 
supergravity theories (c/. e.g. and Appendix C of Ref. [^). However, the third and 



final step in the KKLT scenario consists in the addition of one anti D3-brane, i. e. a positive 
contribution to the scalar potential, which lifts the AdS minimum to a dS minimum. The 
masses for the moduli fields do not change significantly during this process. However stable 
dS vacua require positive mass eigenvalues. Hence, any negative mass eigenvalue before 
the uplift is unacceptable since the effect of the anti -D3~branes on the mass eigenvalues is 
too small to change a negative mass to positive. 



In (|2.13|) , the sum of exponentials accounts for L>3-brane instantons and gaugino 
condensation on stacks of DT-branes. The iI>3-instantons come from wrapping (Euclidean) 
D3-branes on internal 4-cycles C4 of the CY orientifold X^. The latter have the volume 
Re(T-') and lead to the instanton effect e"^'^^^ in the superpotential, i.e. aj = —2n. The 
gauge coupling on a DT-brane which is wrapped on the 4-cycle C4 is given by Re(T-^), of. 
Eq. (|2.8| ). Hence, gaugino condensation on this DT-brane yields the effect e~'^^ ^^'^ in the 
superpotential. E.g. for the gauge group SU{M) we have bsu(M) = ^1 i-^- cij = 
the L>7-brane, 7j(5', U) may comprise one-loop effects and further instanton effects from 



l)-branes: One loop corrections to the gauge coupling give rise to ^3 

r,iU')-'/'^ , (2.15) 
while additional instantons in the DT-gauge theory amount to: 

-S/ba f i FAF 

7, ~ e -^^4 . (2.16) 

Supersymmetric vacuum solutions are found by finding the zeros of the F-terms: 
= K^"^ {djW + W Kj). Solutions to the equations = give rise to extremal 
points of the scalar potential. In addition, it has to be verified whether those zeros lead 
to a stable minimum. Since the matrix K^'^ is positive definite, the zeros (Tq , . . . , Tq) in 
the Kahler moduli space are determined by the n equations: 

OtjW ^-W Ktj =Q , j = 1, . . . , n (2.17) 
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following from the requirement of vanishing F-terms. These equations turn into the 
h^^'^\^{XQ) relations 



A7.=- n 



Kn 



n n n 

Y, n i^A;! - n M 

j=l fc=i k=l 



1, ...,n 



(2.18) 



to be satisfied at this extremum. Since K^i and are real, from Eq. ( p.l8| ) we may 
easily deduce the vevs ^2 of the axions at the A(i5'-minimum. After introducing the phases 
Wo = \Wo\ e^'^and 7, = |7i| e^"^* we obtain {T^ = t{ + it{) 



^2 



1, . . . ,n 



^2.19) 



as vevs for the axion fields. Above we have introduced the numbers 

/ \ 

A Kj'i 



, 1 
p — — arg 

IT 



n Wk\ - n w\ 

j=i fe=i fc=i 



e{0,i}. 



For the case that an exponential e""^^' accounts for gaugino condensation in an SU{M) 
gauge group, we have aj = — ^ and in Eq. (|2.19| ) the additional shift ^ Z becomes M Z. 
The latter becomes trivial, if the Kahler modulus enjoys a discrete shift symmetry, e.g. 

^ + 1. On the other hand, if no such symmetry exists, in Eq. (|2.19|) the additional 
shifts ^ Z give rise to an infinite number of extrema obtained from one another by shifts 

in the axionic directions ^2- A useful relation to be satisfied at the extremum is the ratio 



The latter equation may be written as 



hi = 1, 



n 



^^4^ji g'^J ^1 ^1 — 



a2 Kj 



Qi t2 



(2.20) 



(2.21) 



Since (pji G {0, tt}, the directions of the axions ^2 strongly depend on the signs of the first 
Kahler derivatives K^j and the phases (pj of the coefficients 7^. 

Moreover, from the relation ( p.l9| ) we see that any complex phase of Wq and 7^ may 
be absorbed into a redefinition of the axion vev at the minimum. Hence, in the following 
we may assume without any restriction: 



VTo e R+ , 7j- G R+ 
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Finally, at the extremum (Tq^, . . . , Tq), the scalar potential V{T^, T 
sumes the negative value 



as- 



Vrr 



-3 e 



K 



n 



J2 Ktj n l«A;| - n kfcl 

j=l fe=l fc=l 



(2.22) 



2.3. (In) stability of flux compactifications without complex structure moduli 

In this subsection we shall continue and generalize the discussion initiated by the 
research [p4|, ^ (see also Refs. p5|j2^] ) on the stability criteria in a KKLT setup In 
these references, the conditions under which a stable vacuum may be found have been 
investigated for some selected orbifold examples. This means in particular that a special 
Kahler potential for the underlying coset spaces parametrizing the Kahler moduli space 
has been used. The general property for those examples is that without any complex 
structure modulus or with fixed complex structures, as it is the case for many toroidal 
orbifold examples at the orbifold point, no stable vacuum in a KKLT setup with a non- 
perturbative superpotential exists. The question we shall address here is, whether this 
is a general feature, independent of the form of the Kahler potential of compactifications 
without complex structure moduli, in particular also holding for the resolved orbifolds. 
Note, that in those cases, the Kahler potential assumes a quite different form than for the 
coset spaces. 

For the case of h^^^ i)(^6) = and h^^'^^^^{XQ) =: n the superpotential ( |2.13|) assumes 
the form: 



W = B + AS + X J2 



7^ e" 



(2.23) 



Generically, we have A, S G C, ■jj G C, and G R-. However, we have argued in 
the previous subsection that without any restriction we might assume A,B,'yj G R"*". 
Nevertheless, we shall treat them in the following as arbitrary complex parameters. In 
addition, A G R is a real parameter accounting for a possible so-called Kahler gauge, as 
discussed in . 

The supersymmetric vacuum solutions are given by solving the equations = for 
M = 5, T\ . . . , T'". With the Kahler potential 



-\n{S + S)+KKM{T' 
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for the moduli space {S,T^ , . . . , T"^) we obtain the F-term 

/ 



-B + AS-X J2 



a,; 



V 



(2.24) 



for the dilaton field S. The solutions (S'o, Tq, . . . , Tq^) to the vacuum equations 



are given by the dilaton vev S'o 



, _!. , . . . , 



(2.25) 



n 

k=l 



AB + AB 



2\A[^ 



2 E n 



n Wk\ 

k=l 



2|A|^ 



(A S-A S) 



(2.26) 



and the n relations: 



A 7i 



n 



{AB + AB) 



'^a.V^e) '^a/DC^e) 



,(+) 



(+) 



2 E n 



2 A Re(S) 

e Aj^i 



fc=i 



i = 1, . . . ,n 



n kfci 
fc=i 



(2.27) 

Similarly as in the previous subsection (c/. Eq. ( |2.19| )) we may determine the vevs for the 
axion fields. With A = |A| e*"^ and 7^ = |7i|e*'^^ we obtain: 



1 27r 

^2 = — [ + TT - ] H Z 



i = 1, . . . , 7T, . 



(2.28) 



Note, that the above expression is somewhat simpler than (|2.19| ), since we have solved 
for 71 + 1 equations = thus allowing to eliminate some more terms. In fact, the 
additional relation, valid at the point (So, Tq, . . . , Tq), is: 



h\t\^{Xe) \ 



2 Yi n 



ak 



^ n 



ak 



h=l 



k=l 



(AB + AB) n \a^ 
k=i 

2 |A|2 Re(S) 



(2.29) 
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The scalar potential becomes 



1 V(T^ t'^ T 



+ 



s + s 



s + s 

B-AS + X J2 



Ik e 



fc=l 



(2.30) 



with V{T^,T ,...,T"^,T") the scalar potential computed in the Kahler moduli sector 
(T^, . . . , T") with Kahler potential Kkm- At the vacuum solution (S'o, Tq , . . . , Tq), the 



second piece of ( p.30|) , which is proportional to |-Fsp, vanishes and the scalar potential 
assumes the value 



Vrr 



So + So 



-3 



-6 \A\^ Re{S) e 



n al 

k=l 



S = So , 



{AB + AB) 



S + S 



E 



n 

fe=i 



\ak\ 



n 

k=i 



\ak\ 



(2.31) 



with Vmin given in (|2.22|) . 

To analyze the stability of the vacuum solution, we have to calculate the second 
derivatives of the scalar potential V{S, S,T^ ,T , . . . , T", T ) at the supersymmetric point. 
After introducing S = si + zs2, we find that the mixed derivatives 

d'^V d^V d'^V d^V 



dt\dt{ dt\ds2 dqdsi dsids2 







l,...,n 



(2.32) 



vanish at the extremum (S'o, Tg , . . . , Tq). Now we derive the necessary criteria for the ma- 
trix encoding the scalar masses to have positive eigenvalues at the point (So, Tq, . . . , Tq). 
We have to determine the second derivatives of the potential ( |2.3C1| ) and check, whether 
the mass matrix is positive definite. In particular, due to ( p.32|) , the mass matrix M 



( 



M 



(2.33) 
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of the axions S2, • • • ? ^2 ^'^ t)e positive definite. For the moment we shaU concentrate 
on the properties of this axionic mass matrix M. We shaU derive a general expression for 
the determinant det(M) of the axion mass matrix M and express it in terms of its principal 
minors. To tackle this project, we first introduce the 2" — 2 principal submatrices of M: 



( 



%\...%r. 



\ 



p = l,...,n- 1 , 

1 < ii < . . . < ip < n 



(2.34) 



Any principal submatrix of a positive definite matrix must be positive definite . There- 
fore, all the submatrices M^^, M^jij; ■ ■ ■ 5 -^ii...i„_i must have positive determinant, i.e. 
those principal minors of M must satisfy 

det(M,,...,J > 

in order that M may be positive definite. After some tedious algebra the determinant of 
the matrix M may be expressed! in terms of its 2" — 2 submatrices M^, Mij, Mijk, . . .: 



det(M) = - [ ReiS) \A\^ j^JJa, Kt. 

x\ (3-4)" ^ + 2-4" Re(5)-M^|' | J] 



det(6;) 



n-l 



+ ^(3-4)"-^ [Re{S) \A\^ ] ' ^ 



det(M,,...,J 



s=l 



ii<...<is n '^V ^T^r 



r=l 



n> 1 . 



(2.35) 

Since < and det(^) > from this relation we conclude that the axionic mass matrix 
M fails to be positive definite, if 




(2.36) 



since in that case Eq. (|2.35|) yields det(M) < 0. Hence, no stable uplift is possible, if ( |2.36| ) 
is fulfilled. 



We introduce the n x n matrix G = i d^-id—j K\ , which is positive definite. 
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We may also derive a compact expression for the minors det(Mi) themselves. For 
that, we introduce the n x n matrix 



(2.37) 



i,j = l,...,n 



and its n principal n — 1 x n — 1 submatrices 
Ofc = <! -K^.^^, + \-Kt^K^. 

Zi — l,...,rt 



fc = l,...,/i[+5)(X6) 



(2.38) 



Again, after some tedious work we arrive at the following relation: 



det(Mi) = -12 \A\' Re{S) a^ Kt 



dsf 



+ 8|A|^e-a?K|, (-l)"det(0. 



det(e?) 

Since < and det(^) > from this equation we conclude: If 



(2.39) 




^2.40) 



holds, no stable uplift is possible, either. 

Note, that the two (independent) criteria (|2.36| ) and ( p.4q ) do not depend on the flux 
parameters A and B and the complex coefficients 7j in ( ^.23| ) . The Kahler potential ( |2.12| ) 
is enough to check the stability criteria of the KKLT setup ( |2.23D . According to ( ^.36) ) and 
i ^M) the condit ion of a positive definite axion mass matrix boils down to properties of the 
first derivatives Kj^j at the AdS vacuum solution (|2.25|) . The conditions ( |2.36|) and ( |2.40| ) 
are two independent criteria for the AdS solution {Sq.Tq , . . . ,Tq) not yielding positive 
masses for the axions. However, if the conditions are not met, for a KKLT scenario there 
are further criteria to be checked. The latter arise from calculating the masses for the real 
parts of 5", T^, ... , and verifying their positivity. To summarize, for a KKLT setup with 
n Kahler moduli and no complex structure modulus, a controlled uplift is not possible if 
at least one of the two conditions ( |2.36| ) and ( |2.4C1| ) on the Kahler potential (|2.12[ ) is met. 

For CY orientifolds Xq with N=l supersymmetry we may rewrite the inequalities 
( p3.36| ) such, that they become conditions on the original Calabi-Yau moduli t^ relevant 
for type IIB compactifications without orientifold projection. As discussed in Subsection 



2.1, the orientifold (|2.1|) splits the forms Wi into h^^'^\-^{XQ) elements Ui of H^'^^Xq) and 



r(l,l), 
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"^^-^{Xq) elements of H^'^\Xq). The correct Kahler moduli arise through a Legendre 
transform on the original Calabi-Yau volume Vol{t'^) ||2^: With the Kahler form 



the following intersection numbers may be introduced: 



(2.41) 



]C= I J AJAJ = ICijk t' , 



Ui A J A J = ICijk t^, 



fCij 



uji A ujj A J = ICijk 
Xq J Xq 



JCii 



ijk 



(2.42) 



Ui A ujj A Uk 



with /C = 6 VoI{Xq). After introducing the correct Kahler moduli ( |2.8| ) for our orientifold 



compactification Xq, the (inverse) metric G^^ for the h^.^^^JX^) moduli of the H^'^\Xq 



cohomology becomes : 



G^j = ^_ICIC^^+2ft^ , ^,i = l,...,/iW)(X6) , (2.43) 
and the following useful relations hold for the derivatives on the Kahler potential ( |2.10|) : 

i^T^=-2^ , K^.T^=j^- (2.44) 



Equipped with these relations we may rewrite our no-go criteria ( 2.36 ) for a KKLT setup. 
Since /C > 0, we reformulate ( |2.36|) into the condition: 



V i = l,...,h[+l^{Xe): t^>0 



(2.45) 



As we have converted the condition ( |2.36|) into ( p.45|) , we shall rewrite the criterion 
( ^.40| ) in terms of the quantities introduced in ( |2.41| ) and ( |2.42| ). First, with ( |2.43| ) and 
( p.44| ) we obtain for the matrix O: 



2 K,^^ 



3 /C 



Hence, to obtain the principal minor detOfc, we essentially have to erase the k-ih row and 
column from the matrix /C*-^ and compute the resulting determinant. A minor of an inverse 
matrix A may be computed with the relation ||27|| : 



detA"Va'^ 



detA(a) 
detA 
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Here, A{a) denotes the principal submatrix of A, built from the rows and columns a, while 
A{a') denotes the principal submatrix of A, built from A by deleting the rows and columns 
a. With this information, we obtain: 



det(CA 



3JCJ 



The intersection form /C^j has signature (1, /i|^^j^^(X6) — 1) i.e. sign{det}C) = (— 
Therefore, the condition (—1)" detOk < of (|2.40|) is equivalent to /Cfcfc > and the 
criterion ( p.40|) is translated into: 



n-l 



/c 



kk 



det(/C) 



3 zG{l,...,/i[+l)(X6)}: r> 



(2.46) 



Here, ICa is the i-th diagonal element of the intersection form /C^j. To summarize ( |2.46|) : 
if we find one positive Kahler modulus > and if in addition we have JCa > 0, a 
stable uplift is not possible with the superpotential ( |2.23|) . The latter consists of a sum 
over contributing divisors Vi whose Poincare dual classes coi correspond to the Kahler 



moduli in ( |2.41| ). From the relation /C^ 



Vol{V,) f = }C = GVoliXe) > and 



Vol{Vi) > 0, we see, that there always exists at least one positive Kahler modulus t'^ > 



in the expansion (|2.41|) . Therefore, according to (|2.46|) we only have to verify whether for 
this Kahler modulus t'^, we have ICkk > 0. 

The condition ( p.45|) is the inequality ( p.36|) written in terms of the Kahler coordinates 
P of J {cf. Eq. (|2.41| )). If all of them are positive, i.e. P > 0, the mass matrix M for the 
axions is negative definite. For instance this is the case, when the Kahler class J of Xq, 
defined in ( p.41|) , lies in the Kahler cone, i.e. when we have |2£] 



J > 



C2 



J A J > 



C4 



J A J A J > 



(2.47) 



^6 



for all curves C2 and 4-cycles of the C YM Xq . Then we may define the Kahler coordinates 
P through P = J^j J > and meet the criteria ( p.45|) . 

To summarize : If («) the Kahler class J lies in the Kahler cone and (ii) each Kahler 
modulus P corresponds to a 4-cycle of volume Re{T^) contributing to ( pj.23| ), no stable 
uplift is possible for /i^ ^^(-'^e) = 0. 

To this statement we have to add two refinements for the case that the above two 
assumptions (z) and (ii) do not hold. Let us first discuss point (z). The Kahler moduli 
P may not be equal to the real coordinates P on the space of Kahler classes of the CY 
manifold Xq. The latter fulfill the positivity conditions (|2.47| ). Generically, there are linear 
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relations between the supergravity moduli P we are working with and the CY moduli P . 

The latter describe deformations of the Kahler form J' = ^2 ^i-, which satisfy the 

1=1 

positivity conditions ( p.47 ). One may choose Kahler mo duh P := J^,J>0, while the 
supergravity moduli P may not always be positive. Furthermore, the intersection form 
ICij = JCijki^ has signature (1, h(^i i^{XQ) — 1). 

It may be useful to present an example 0. Let us consider the Kahler moduli space 
^^^^i'^'^ ® su{2)x^u{2)xU(i) Z4-orbifold with the Kahler potential: 



We have /C123 = 1, /C344 = 



= - In 

■I5 ^355 



e 



1 



4\2 



it') 



1 



5\2 



— 1 and the intersection form ICij is 




\0 





















\ 






(2.48) 



(2.49) 



It may be verified, that the signature of ICij is indeed (1,4). According ( p.8|) , i.e. ReT-' 
^ICjki the holomorphic coordinates T* or 4-cycle volumes ReT* become: 



Re(Ti) 


3 

= - t 
2 




Re(T4) 


= -- f 
2 


Re(T2) 


3 

= - t 
2 




Re(T5) 


= -- 
2 


Re(T3) 


3 

~ 2 




- 1 ('^'^ 





(2.50) 



In terms of these moduli, the Kahler potential —2K{t\t^) for the orientifold becomes: 
K{T\T) = - In 



1 (7^3^y3^ 



6^6 



1 I /T^2 , 77^2, 1 , 4 77^n2 



(T' + T ) {T^ + T ) ^ - (T^ + T ) 

2 



- (T^ + T^)2 



(2.51) 

With (|2.49|) the equations ( p.43|) and (|2.44| ) may be verified. The important point here is, 
that we must have < for positive 4-cycle volumes Re(T''). Hence, in that example 
the supergravity moduli P appearing in ( |2.41| ) do not define a Kahler class which lies in 
the Kahler cone. Nonetheless, though ( |2.45| ) is not satisfied, with the Kahler metric ( |2.51|) , 
i.e. Kkm = K, we do not obtain a stable uplift 0. 

Let us now come to point (m). The sum of exponentials in the superpotential ( |2.23| ) 
consists of a sum over a basis of h^^^\^{XQ) independent divisor classes Vi corresponding 



19 



to the /i|^^^^(X6) 4-cycles the Euchdean L)3-branes or DT-branes are wrapped on. The 
divisors must have arithmetic genus xi'^i) = 1 (c/- Section 4) to guarantee that 7^ 7^ 

in the superpotential (|2.23| ). Let Ui denote the Poincare dual class of Vi, which is an 

(2) 

element of (Xq). If those classes uji are identified with the basis of (1, 1) -forms in 
the Kahler class ( |2.41| ), the moduli P may not be identical to the Kahler deformations P 
one introduces for the CY orientifold Xq to begin with. This happens, if the contributing 
divisor classes Vi are constructedS through linear combinations from the original divisors 
Di, which are Poincare dual to the classes cD^. However, since the basis {wi} may be 
expressed as linear combination of the basis {tOi} we obtain linear relations between the 
two moduli P and P . When one starts with a Calabi-Yau orientifold Xq with the Kahler 

form J' = ^ P uJi and divisor classes Vi E H^'^\Xq, Z), which are Poincare dual to 

A=l 

the classes uJi G H^'^\Xq, Z), one first has to find a set of independent divisors Vi with 
= 1, i.e. a linear combination: 

V,= ''^j'^J ' i = h---.h[+l^iXe) . (2.52) 

In other words, there exists are an invertible n x n matrix = {n)ij such that V = NT>. 
The new Kahler coordinates P entering the Kahler form ( |2.41j ) are given by: 



= (N'r' j I • (2.53) 

In terms of the these Kahler coordinates P and the basis Ui , the Kahler form ( |2.41|) becomes 
a linear combination of contributing divisors T>i (Poincare dual to the tOi). The change of 
coordinates (|2.53|) implies the following new intersection form JCij: 

IC^j = NIC^jN^ . (2.54) 

Since is a non-singular matrix, after Sylvester's law of inertia both intersection 
forms Kij and )Cij have the same inertia, i.e. they have the signature (1, h^^\-^{XQ) — 1). 



Note, that this change of basis does not alter the positivity properties of the axionic mass 
matrix M, introduced in ( p. 33 ). In the mass matrix M, the second derivatives are calculated w.r.t. 



the contributing divisor volumes Vol(Pi). The mass matrix w.r.t. the original divisor volumes 
Vol(I'i) is given by N^^ M N* . Since A'' has rank n the mass matrix N^^MN* is positive definite 



if M is positive definite |27]. 
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As an instructive example let us discuss the orientifold of the Xg CYM, i.e. 
P^[l, 1, 1, 6, 9] [jl5|. We may introduce the Kahler form J' = t^ui + t'^uj2, with the 
intersection numbers /C112 = 1,/Ci22 = 6 and /C222 = 36 and the intersection form 



+6? + 36i 



72 



With this information, the volume of Xf, becomes 



VoI{Xq) = i[ 3(^1)2? + 18ti(t2)2 + 36(P)3 ]. According to the formula V~ = | )C,jkPt^ 



the divisor volumes of the two 4-cycles, whose divisors Vi are Poincare dual to tOi are: 

^ ? (? + 3 r j , 

^ (2.55) 



V' 



7 (t' + Qt 
4 



72\2 



However, the two divisors T>i contributing to the superpotential ( p.23|) are linear combina- 
tions ( |2.52| ) of the two divisors [|T3 



z.e. 



with the divisor volumes: 



_ (V 6 V' 



1 



3 ^2 



1 



(2.56) 



(2.57) 



In terms of the latter, the Kahler potential Kkm = —'2j\n.Vol{XQ) for the Kahler moduli 
T^, becomes: 



Kkm{T^,T^) = In 1296 - 2 In [ (T^ + T^)3/2 _ (t^ + tV/^ 



(2.58) 



The divisors Vi, introduced in (|2.56| ), correspond to the 2-forms = — 4 + 3 uj2 



and c<;2 = 3 t<;2, respectively. The latter serve as a basis for the Kahler form (|2.41|) , i.e. 
J = t^ui + t^uj2, with the ne Kahler coordinates t*: 



P < 



1 



(? + 6 t^) > 



72\ 



(2.60) 



The volume of Xq may be written VoI{Xq 



^ [(t"*^)"^ + (t^)"^], which gives the intersection 



numbers /Cm = /C222 = ^ and the intersection form JCij = ^ ' ^ ^ 







2 ) , with signature 



^ According to (2.44) these coordinates may be read off from the first derivatives of the Kahler 
potential Kkm = K: 



-3y Kj,! 



(2.59) 
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(1, 1). Clearly, we have Kij = NICijN\ with = | ^ j^. Due to (|2^ , we see 

that ( p.45| ) is not fulfilled, i.e. this criterion does not give us an answer whether an uplift 
is possible. However, for the Xg CYM from above we find: 



i2 > , /C22 = ? > 



3 



According to the second criterion ( |2.46| ), no stable uplift would be possible for the Xg 
CYM if we assumed the ansatz ( |2.23[ ) for the superpotential with the two contributing 



divisors ( |2.57| ) . From this example we learn, that in practice the inequality ( |2.45| ) may not 
always be satisfied and the condition (|2.46D needs to be borrowed. 



As we shall see in Subsection 5.3, the condition ( |2.45| ) has serious consequences for 
the resolved orientifolds of orbifolds without complex structure moduli. In fact, for those 
orbifolds, it is generically not possible to find stable minima in a KKLT setup. This rules 
out the following orbifolds: 23,27,23 x 23,24 x Z^^Zq x 26,22 x 26', and Zg-i with 
SU{4)'^ lattice. It would affect even more orbifolds if we would not take into account the 
twisted complex structure moduli. 

2.4. Examples 

In the previous subsection we have derived conditions on the Kahler potential 
Kkm = K for the Kahler moduli in type I IB orientifold compactifications without com- 
plex structure moduli. These conditions are summarized in Eqs. (|2.45|) ,( p.46|) or alterna- 
tively in Eqs. (|2.36| ), (p.40| ). If these criteria are met, a stable uplift in a KKLT setup is not 



possible, since otherwise the axion mass matrix M would not be positive definite. This 
way, it may immediately be decided whether a given CY compactification manifold Xq 
allows moduli stabilization in the framework of KKLT. In this subsection, we shall apply 
these conditions to some prominent Kahler potentials K. 

For the Kahler potential of the unresolved Z^ type IIB orientifold 

K = - ln(T^ + T^) - ln(T2 + T^) - ln{T^ + T^) (2.61) 

we find: 

Kti < , Kt2 < , Kt3 < . (2.62) 

According to ( |2.36| ) the properties ( |2.62| ) result in a negative definite axionic mass matrix 
M. 

Furthermore, for the Kahler potential ( |2.51[ ) of the unresolved Z4 type IIB orientifold 
we have: 

>0 , /Cii = . (2.63) 
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The last relation follows from the intersection form ( p.49 ). Hence due to the condition 
( p.46|) , no stable uplift is possible. 



Finally, the Kahler potential for the Z3 type IIB orientifold, given in Eq. (2.54) of 
Ref. (with the triple intersection numbers (2.56) from there), shares again the property 
( p.63|) . Hence, due to the condition ( p.46| ), for the unresolved Za-orientifold is no stable 
uplift possible either. 

Note, that the above three examples, which do not allow a stable uplift in the KKLT 
setup, represent toroidal orbifold/orientifold compactifications, whose stability criteria 
have been investigated in great detail in (c/. also [0). However, it is intriguing, that 
we may quickly verify these findings by simply analyzing the conditions ( |2.36|) or (|2.4C1| ). 
A different example is the Kahler potential for the Xg CYM (|]5|), with (t2+T^3/2_ 



(rpi _|_2"^-)3/2 ^ Q MQfj^ii stabilization of the latter has been recently discussed in Ref. |l30[] , 
with the dilaton S and the complex structure moduli being integrated out, i.e. Wo{S, U) = 
const in their case. For that case all the equations of Subsection 2.1 apply. In particular, 
since [of. also Eq. (|239D ) 

3 (t^+tV/^ 3 (r^ + T^)V^ 
= ^ — i > L) , = ^ — j < L) 

2 (7^2 ^7^^)3/2 _ ,^7^1 ^7^^)3/2 2 (7^2 ^7^^)3/2 _ ,^7^1 ^7^^)3/2 

(2.64) 

from (|2.21J ) it follows, (j)i2 = ait2 — 02^2 = 5 which indeed has been verified in On 
the other hand, if we used the Kahler potential ( p.58|) together with the superpotential 



( ^.23| ) we would immediately see, that in this case no stable uplift would be possible. This 
may be easily seen from condition (|2.40| ). We find: 

1 3 (T^+T^)3/2 + 2(r^+TV/^ 

< L) , —K -^Tf^i + - Krpi = — - — j — ^ — j < U . 

2 8 (Ti +T )V2 [(T2 + T )3/2 - (Ti +T )3/2]2 

(2.65) 



3. Stabilization of Kahler moduli associated to the cohomology H_ ' (Xg) 

Because the superpotential W does not depend on the h^^-^\^{XQ) moduli, i.e. 
dcaW = 0, the whole KKLT stabilization procedure only works for the h^^'^^^-^{XQ) Kahler 
moduli T^, while we have to find a different mechanism to stabilize the 2 h^^-^ ^^^(Xq) real 

fields b°',c°', which are combined into the /i^-^ ^^^^(Xe) N=l chiral fields ( |2.5| ). Since the 
resolved Zjv and Zn xZm orbifolds, whose vacuum structure will be the main part of Sec- 
tion 4, generically have those moduli (c/. Table 4), fixing them becomes an important 
question for these vacua. 
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A first look at the F-term potential 



Vf = Kjj F^F^ - 3 e'"'-^ nl \W\^ , (3.1) 
with /, J running over all fields S, T-' , G", and the vacuum conditions 

F^" = 



F^' =0 , F^^ 


= , 


F'- 


= 


in the full moduli space yields {dc^W = 


= 0): 






dsW + W dsK = 


= 0, 






drjW + W dr^K = 


= , 


j = 


1,- 


W Kg'^ = 


= , 


a = 


1,. 


du^W + W du^K = 


= , 


A = 


1, 



'^(1,1)(^6) 
, /l^2,i)(-'^6) 



(3.2) 



As demonstrated in Refs. |14], the Kahler derivatives OtjK, dsK and djjxK become non- 
trivial functions depending on all moduli T-' , G", 5". Since at the AdS minimum 7^ 0, it 
follows that 

Kg- = . (3.3) 



According to [0, there is the relation 



3 



Therefore, the solution to (23) yields: 

/C„, 6^ = , a = l,...,/ij-i)(X6) . (3.4) 

Thanks to this condition, to be satisfied at the AdS minimum, all the single derivatives dsK 
and dijxK become the usual ones, and the F-term conditions for the dilaton and complex 
structure moduli become the usual ones. Hence we may proceed with the stabilization 
procedure as outlined before. The condition (|3.4| ) may be solved with 6" = 0, i.e. half of 
the degrees of freedom of the fields = fi^i + W2 may be fixed. However, after calculating 
the scalar potential and the masses for the moduli fields it may be seen, that the masses 
for the g1 fields become negative 



m,.,. = -e^ \W\' ^ , (3.5) 



with = while the masses for the fields §2 are zero: 



rug^ga = . (3.6) 
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The latter observation is clear, since neither the Kahler potential nor the superpotential do 
depend on them. Therefore, the scalar potential does not depend on them either. Hence, 
two problems have occurred: First, the fields g2 cannot be stabilized through the F-term 
equations ( |3.2D . Second, though the fields gf are stabilized, their masses are negative. In 
fact, it has been recently shown in Ref. ||31|| , that the second problem follows from the 
first problem. However, this situation is improved in the presence of additional L>-terms, 
which we shall discuss in the following. 

In the case of (Xq) 7^ in the geometry Yg of the covering space of the orientifold 
theory, some divisors E (or divisor orbits under the orbifold group) are not invariant under 
the orientifold action a, but are mapped to other divisors E (or orbits under the orbifold 
group), i.e. : 

aE = E . (3.7) 
In that case, invariant combinations have to be constructed!!. Let 

Er.= l{E + E) , Ea:=^{E-E) (3.8) 

such that: 

aE, = E, , aEa = -E^ . (3.9) 

Then we have coi G H^'^\Xq) and Ua E H^'^\Xq) for their corresponding Hodge dual 
2-forms. This way, the /i^^^ i)(-^6) odd forms Ua are paired with h^^^ i)(-^6) even forms Ui. 
After the discussion in Subsection 2.1, a non-vanishing /i^-^ ^^^(Xq) 7^ implies a non-trivial 
bulk NSNS 2-form B2 

B2= Y. ^'^'^^ (3.10) 

which (more precisely its puUback on Ci) enters the calibration conditions of a holomorphic 
4-cycle Ci on which a D3 or L>7-brane is wrapped upon . If one supersymmetry should 



be preserved, those conditions are solved by demanding [|33 



S2AJ = 0. (3.11) 

Let us assume the 4-cycle Ci to correspond to the even divisor Ei and the 4-cycle Ca to 
correspond to the odd divisor Ea- Then, integrating ( |3.11|) over the odd cycle Ca yields: 

B2AJ = tH^[ u^Au,AUa = IC.~tH'^ = IC~b^ = 0. (3.12) 

^ j a J ^ jaa aa ^ ' 



As an illustrative example see the Ze-jj orbifold in Subsection 5.4. 
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Hence, we conclude: 

/C~ 6" = . (3.13) 



The calibration condition (|3.11|) has to be imposed on all even 4-cycles C^. Therefore 



the condition (|3.11[ ) gives rise to a system of hj^-^ {-^{Xg) linear equations for the h^^ 



variables 6". The intersection form /Cafe depends also on the h^^''^-^{XQ) Kahler moduli . 
However, generically this matrix has non-vanishing determinant and the only solution to 
( P.13|) is the trivial solutionS: 

Re(G")=0 =^ 6" = , a = l,...h[~^^^{X6) . (3.14) 

Interestingly, the requirement ( p.l2|) is similar to the condition ( |3.4| ) following from the 
F-terms. 

For a L>3-brane wrapped on the 4-cycle C^, the requirement (|3.11| ) allows to rewrite 
the real part of the bosonic instanton action 

g-</>io f v^det(G' + S) = I [ JA J-e-'^io S AS = ^ Re(TO , (3.15) 
Jci 2 Jn 3 



with T* given in ( ^.8| ) (and the internal CY metric G). 

On the other hand, for a stack of DT-branes wrapped on the 4-cycle Ci, the require- 
ment ( |3.13| ) may be also anticipated from the D-term potential |3^ 



Vh ~ TTTTTTT ( /C ~ 6" )2 , (3.16) 
^ Re(T*) ^ ^ ' ^ ^ 

associated to a U{1) gauge groupi whose gauge coupling is given by g~'^ = Re(T*) (the 
DT-brane associated to this U{1) is assumed to wrap the 4-cycle Ci). For a stack of D7- 
branes with U{N) gauge group, the remaining SU{N) gauge group may furnish gaugino 
condensation. The potential ( |3.16| ) is minimized if condition ( |3.12| ) holds. 

Let us now come to the axionic moduli c" in ( |2.5|) . The case /i^-^ \-^{Xq) ^ implies 
the non-trivial bulk KK 2-form C^'- 



C2= Yl (3.17) 



a=l 



As an illustrative example see the Ze-zj orbifold in Subsection 5.4. 



In the case of additional matter charged under this U{1), the potential ( 3.16 ) receives an 
additional term proportional to the matter fields d. Such matter fields originate from open 
strings stretched between different D7 or/and I?3-branes. For simplicity we shall assume that 
these matter fields are minimized at d =0. 



26 



If the stack of DT-branes wrapping the 4-cycle Ci has a gauge group with an C/(l)-factor, 
the fields and are gauged under this U{1) gauge field as a result of the D7 
world-volume couplings Ce A F2 and C4 A B2 A F2, respectively, producing Green-Schwarz 
terms. As a consequence of the definition ( |2.5D the field is charged under this U{1), 
while the Kahler modulus remains neutral due to a non-trivial cancellation of the gauge 
transformations of the axionic fields c" and entering the definition of T* (|2.8|), i.e. 



D^G'' = a^G" -4^Kl^,7 {2na') , D^T^ = d^T^ , (3.18) 
cf. Ref. for more details. Hence, the D-term potential (|3.16|) stabilizes the fields b°-, 



while the covariant derivative D^G"^ gives rise to a massive U{1) vector thus fixing the 
imaginary part of G", i.e. the field ||3^]. The latter is absorbed into the mass of the 
gauge field. Since only Im(T-^), but not Im(G") couples to any F AF piece, the mass term 



may even occur without an anomaly as a Stiickelberg mass term [p5| , |36[| . To summarize 



so far, the calibration condition (|3.11| ) and the gauging ( |3.18|) of the modulus G" allow to 



stabilize the Kahler moduli associated to the cohomology H^'^\Xq). 

The mechanism to stabilize the axionic fields relies on the existence of a U{1). If 
the stack of DT-branes sits on an orientifold plane we encounter an SO- or Sp gauge 
group and the previous mechanism has to be modified. In that case, we turn on additional 
world-volume 2-form fiuxes on that stack of DT-branes to break off one U{1) factor. In the 
orientifold on a stack of 1^7-branes, there are two kinds of world-volume 2-form fiuxes 
and /. The fiux is inherited from the ambient CY space y, while the fiux / is a harmonic 
2-form of the 4-cycle Ci . We refer the reader to Ref. for a description of the orthogonal 



splitting of a general 2-form fiux / into / =^f + /, with G im{L*), f G coker^t*), with 
(2) (2) 

the map L* : Hr'iYe) Hr'{Ci). In the following, we do not want to consider the class 

of fiuxes /, since they would gauge the Kahler moduli , i.e. f = 0. On the other hand, 
turning on 2-form fiuxes ^2 from the ambient space Yq, 

%= Yl (3.19) 

a=l 



does not gauge the Kahler moduli |Q . These fiuxes only modify the previous equations 
with the effect, that the 2-form B2 is replaced by the combination B2 — 2Tva' ^2, i-^- we 
supplement Eqs. (F5|) , (|3T1|) , ( p^ ), ( pT5| ) and ( pT6D with the following substitution |3|]: 



B2 — >B2- 2na' ^2 , — > b" - 2na' . (3.20) 
Hence the calibration condition ( |3.11J ) is changed into 

/C~ f 6^-2W^r ) = 0, (3.21) 
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instead of ( p.l2|) . Therefore, the solution (|3.14| ) becomes: 



6" = 2™'^" , a=l,.../i[-yX6) . (3.22) 
Since the gaugings ( p.l8|) now hold for the redefined modulus 

G- = i c"-5 (6"-27ra' ^"), 

the previous discussion about the stabilization of the axion c" by making one U{1) gauge 
field Afj^ massive may be directly applied. 

To conclude, the calibration condition together with the gauging ( p.l8| ) of the 



modulus allow to stabilize this modulus by making one U{1) gauge field massive. 
If the latter does not exist, it may be generated by turning on 2-form fluxes ^ from the 
ambient space Y. It is crucial, that under the background fluxes 6" and the Kahler 
modulus remains uncharged, i.e. ( ^.18| ) holds. 

In N=2 supergravity, background fluxes may be associated to some gaugings of con- 
tinuous PQ-symmetries acting on axions of the hypermultiplet scalars. In the type IIB 
case, the 3-form fluxes Gs correspond to gaugings of scalars of the universal hypermul- 
tiplet, while the flelds c" and are gauged by turning on non-trivial 6"-flelds and the 
world volume 2-form fluxes on the D-brane world volume. Fluxes may protect 

those isometries, which are gauged in supergravity, from quantum corrections. A kind 
of complementarity arises between turning on flixxes, i.e. gauging some continuous PQ 
symmetries of hypermultiplet scalars and instanton corrections, which break continuous 



PQ symmetries. The compatibility of both effects has been recently studied in . After 
turning on world volume 2-form fluxes, the axions of the Kahler moduli T'^ and are the 
potential candidates for being gauged. Remember, that the Kahler moduli T* correspond 
to contributing divisors in the non-perturbative superpotential ( |2.23| ) accounting for D3~ 
instanton effects and gaugino condensation. Hence, their continuous PQ symmetries are 
broken by instanton effects rather than by fluxes. However, in the case that only the flux 
from the ambient space Y is turned on, while the 2-form flux / is absent, the Kahler 



modulus indeed remains neutral [^^. It is that case we have focused on in the above 



discussion. Hence the instanton effects in the KKLT superpotential (|2.23|) are compatible 



with turning on only 2-form fluxes from the ambient space Y. We have a comple- 
mentary situation: one class of Kahler moduli T* is stabilized through instanton effects 
in the superpotential, while the other class of Kahler moduli G"' is flxed through gauging 
isometries ( p.l8| ) and turning on the background fluxes 6",^/". 
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4. Instanton effects 

In this section, we discuss the question for which cases a non-perturbative superpo- 
tential from brane instantons is produced. As shown in if a divisor, wrapped by a 
M5-brane in the dual M-theory picture (dual to type IIB which one is considering), has 
holomorphic Euler characteristic 



X = ^(0,0) - ^(0,1) + ^(0,2) - ^(0,3) = 1, 

the necessary two fermionic zero modes for the instanton contribution will be present. To 



discuss our models we use the results of [B8|-H2l, where it was shown how the zero modes 



counting is changed in the presence of background fluxes. The advantage of the counting 
procedure in is that it is not necessary to do an F-theory lift, the calculations can be 



done directly in the type IIB picture. Additionally, it was shown in that only the 
(2, l)-component of the Ga-flux may lift zero modes. 

To calculate the number of the zero modes, we have to realize what are the pos- 
sible 4-cycles wrapped by the DS-branes in the compact space. The Hodge numbers 
^(0,0)5 ^(0,1)5 ^(0,2) of the 4-cycle give the number of the zero modes with positive (A^+) and 
negative (A^-) chirality with respect to the normal bundle of the DS-brane. If one takes 
into account background fluxes, orientifold action and flxing of the ^-symmetry, some of 
the zero modes could be lifted and the index 

XD3 = ^{N+- N.) 

will change. xd3 is not anymore of purely geometrical nature. In the case of type IIB, 
Bergshoeff et al. showed that only /i(o,i) and /i(o,2) of A^+ can be lifted by fluxes. 



Thus, if the topology of the divisor has vanishing /i(o,i)5 ^(0,2)5 we can neglect the effect of 
the fluxes altogether and concentrate only on the action of the O-planes on the zero mode 
counting. 

The correspondence between zero modes of the Dirac operator on the worldvolume of 
the 4-cycles and Hodge numbers /i(o, 0)7 ^(0,1)7 ^0,2) of these cycles becomes apparent by 
mapping the spinors to (0, p)-differential forms.a Then fermionic zero modes of the Dirac 
operator correspond to the harmonic forms by above mapping. Locally we can write the 
world volume spinors on the DS-brane as 

e+ = (^10 > +(i>-ar\n > +(j>^r'\n > , 

_ (4.1) 
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where e_|_ and e_ are states with positive and negative chirahty with respect to the normal 
bundle SO{2) of the D3-brane inside the compact space, a, b are the D3-brane worldvol- 
ume directions, z is the normal direction to the worldvolume. 

Note that e_|_ and e_ transform under SO{4) x SO{2) x S'0(l,3) and the modes cj) 
have an additional spinor index which transforms in the 2 © 2 under SO{l, 3). Thus, the 
number of the zero modes given by the Hodge numbers of the 4-cycle has to be doubled. 

All modes of e_ have legs in the normal direction to the L>3-brane. By use of Serre's 
generalization of the Poincare duality, these modes can be mapped to those taking values 
in the worldvolume of D3-brane. This duality maps (0, p)-forms with values in the bundle 
0°'P(X) of the 4-cycle X to (0,2 - p)-forms with values in O^^'^-p) ^ K, where K is 
the canonical bundle of the 4-cycle. In the case of the wrapped D3-brane, the canonical 
bundle is equal to the normal bundle, so this duality is realized by multiplying by the 
covariantly constant 3-form flabc and building the Hodge0 dual. 

= t ' 

^?''^?"'^^<^- = ^ ' (4-3) 

This means that the numbers of the modes with positive and negative chirality match. 
If all zero modes are present, the corresponding index 

Xd3 = ^ {N+ - A^-) = ( /i(o,o) + h^o,i) + h^o,2) ) - ( h^o,o) + /i(o,i) + ^(0,2) ) (4.4) 
win be 0. 



4.1. Calculation of xds for divisors with /i(o,o) = 1? ^(0,1) = ^(0,2) = 

As we shall see in the next section, many of the divisors arising in resolved toroidal 
orbifold models have the Hodge numbers /i(o,o) = I5 ^(0,1) = ^(0,2) = 0. We will therefore 
start by calculating the number of zero modes for this especially simple case. We choose 
a, a, 6, b as holomorphic and antiholomorphic coordinates on the L>3-brane, which take the 
values 1, i, 2, 2. z and z should correspond to the transverse directions with values 3, 3. 
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* 



(^(h,...a^_,^a,...a^dz''' . . .dz^^~^dz''' . . . dz^^^ 



_ _ Ma.l---aN^pC)°.i...aN Jl N-p+l , N 

— "^ai ...ajv "^ai ...ajv ^' ""^ . . . u,^ 

Note, that in our convention the form is complex conjugated by applying the Hodge star. 



(4.2) 
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The fermionic states on the Z)3-brane corresponding to /i(o,o) 



e+ = <^|0>, e_=<to"''^|0> . (4.5) 

On the brane, some of the modes are pure gauge due to the K-symmetry. These are 
the modes which are annihilated by the K-symmetry projector (1 — ro3)0 = 0, where 
Tds = (^2 (8> 75 with 75 four ten dimensional 7-matrices pulled back on the brane. 9 



corresponds to two 32-component spinors written in the double spinor formalism ^4 
Additionally, some of the modes can be projected out by the orientifold action. We have 
to choose K-symmetry fixing in such a way that it commutes with the orientifold action 
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There are three different cases to distinguish for the position of the (97-plane: it can 
be on top of the D3-brane, can intersect it along one direction, or can be parallel to it. 
We assume that the 07-plane fills the non-compact directions. 

• Case 1: an O-plane lies on top of a D3-brane 

It is convenient to do the calculations in the local coordinate patch. The K-symmetry 
fixing condition and the projection through the orientifold action are given by 

(1 - a27'')^ = . 
Both conditions written together yield 

(l_y 12233)^^0. (4.7) 

Inserting ^ = e_|_ + e_ shows that (p survives this projection and (f>^ not. The index is 

XD3 = /i(0,0) = 1- 

• Case 2: Intersection with an O-plane along one complex dimension 

The O-plane intersects the D-brane along complex direction 1. Then, ^-symmetry 
fixing condition and the projection through the orientifold action are given by 



Both conditions written together give 



1 - ^27^^'^)^ = , 

(4.. 

(l-a27'')^ = . 



(1-711)^ = 0. (4.9) 
survives this projection, not. From this it follows xd3 = ^(0,0) = 1- 
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• Case 3: No intersection with an 0-plane 
It can be the case, when the 0-plane is parallel to the D3-brane. The orientifold action 
maps fermions of the brane to the fermions in the mirror brane, so no modes are projected 
out. There is only the ^-symmetry fixing condition, by which no modes are cut. The 
modes (f)\Q >, > corresponding to /i(o,o) ^ire present and the index is xd3 = 

h{Q,o) - h(o,o) = 0. 

By investigating all configurations of the 07-plane we obtain a general statement: 

Divisors with Hodge numbers /i(o,o) = 1? ^(o,i) — ^(0,2) = will have the index 
Xd3 = 1 if an 07-plane lies on top of them or if it intersects the divisor along one 
complex dimension. Otherwise, xds = 0. 

4-2. General case: /i(o,i)) ^(0,2) 7^ 

As discussed in the last subsection, locally, there are always only three different con- 
figurations of the 07-plane relative to the divisor in question. It can be on top of it, 
intersect it in one complex direction, or be parallel to it. a,b are again the coordinates on 
the Z)3-brane. The projector equations from the fixing of the K-symmetry and the orien- 
tifold action will be as in the previous subsection. The only difference is that the modes 
(pa\0, > and (l>^^"'^\Q > are now present. They can be lifted by fluxes. When turning on 
fluxes, we assume that they will be of the the most unfavorable form for the presence of 
zero modes. This would correspond to a general form for the fluxes. We summarize the 
results of the action of the projector equations in all three cases in the following table: 





— plane 
on top of D3 


— plane 
intersects D3 


— plane 

does not intersect D3 


chirality 


+ 


+ 


+ 


h{o,o) 


(l>az 


[<fe] <hz 


[0a] (hz 

[^] <h 


# of zero modes 


2 - 2 /i[o,l) + 2 [h[t!2)] 


2 - 2 /ijo,!) 
-2 ^!o?2) + 2 [/^SJU 


2 HZ)] + 2 [h\o!2)] 

Z '1(0,1) ^ '''(0,2) 



Table 2: Zero modes after Bxing K-symmetry and orientifold projection 



In the horizontal line we give the zero modes associated to the Hodge numbers 
^(0,0)) ^(0,1)) ^(0,2)- '+' and '-' denote the chirality with respect to the normal bundle 
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of the DS-brane. In brackets we put the modes which are in general hfted in the presence 
of fluxes, and in the last line we give the number of zero modes which are left. 

Let us discuss this result first before turning on flux. The flrst column represents 
the case where the influence of the orientifold projection is fully felt by the divisor in 
question. As in the M-theory case discussed by Witten, only one chirality survives for 
each Hodge number and the index reduces again to the holomorphic Euler characteristic 
^(0,0) ~ ^(0,1) + ^(0,2)- The third column corresponds to the case where the influence of the 
orientifold is not felt at all by the wrapped divisor. Both chiralities survive and cancel each 
other out. This agrees with the observation that for a compactiflcation on a CY manifold 
(without orientifold projection), no non-perturbative superpotential is generated. The 
second column represents an intermediate case. It is obvious that the knowledge of the 
Hodge numbers is of prime importance to be able to decide whether a divisor contributes 
to the non-perturbative superpotential. We can see that without turning on flux, we can 
get a contribution in the flrst column for /i(o,i) = ^(0,2) • With flux, a contribution is only 
possible for /i(o,i) = 0. We get a contribution from the second column for /i(o,2) = if no 
flux is turned on, with flux only for /i(o,i) = ^(0,2) = 0. With or without flux, column three 
never gives a contribution since the number of zero modes is always less than or equal to 
zero. 

In the present work we do not discuss the counting of zero modes for the case with 
non-vanishing 2-form flux / on the D-brane world-volume, as it has been discussed in 



Section 3. Recently, work towards this direction has been accomplished in Ref. for 
the case of heterotic M-theory. The authors have found that world-volume flux does not 
change the zero mode counting for the case of some particular background fluxes. Those 
fluxes were chosen such that they do not lift any zero modes. For the case of I IB, Bandos 
and Sorokin derived the Dirac equation for the L>3-brane in the presence of worldvolume 
flux [^. Its implication for the zero mode counting has to be analyzed [^^. Compared to 
the case without 2-form flux, there are more complicated conditions on the gauge flxing 
of the K-symmetry and an additional fleld equation for the 2-form flux, which depend on 
the topology of the Calabi-Yau manifold. 

We finish this section by the remark that the formalism described above requires the 
wrapped 4-cycle to be Kahler. In our models it is the case because we have to deal with 
divisors which are hyperplanes in the Calabi-Yau manifolds and hyperplanes of a Kahler 
manifold are Kahler. This can be also directly observed from the topology of the divisors, 
which are either products or fibrations of tori and P^s. 
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5. Fixing all moduli in resolved type II B Z^— and Zjv x Zm— orientifolds 

5.1. Type II B orientifolds o/Zat- and Z^v x ZM-orbifolds 

In the following we shall investigate moduli stabilization for a class of type IIB ori- 
entifold compactifications Xq. We shall discuss orientifolds Xq of the resolved toroidal 
orbifolds Yq 

Ye = T^T , r = Zjv , Zat X Zm , (5.1) 

with orbifold group F. 
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SC/(2)2 X SU{3) X G2 


3 


1 


48 


2 


Z2 X Zg' 


5C/(3) X Gl 


3 





33 





Z3 X Z3 


SU{3f 


3 





81 





Z3 X Ze 


SC/(3) X Gl 


3 





70 


1 


Z4 X Z4 


SO{5f 


3 





87 





Ze X Ze 


Gl 


3 





81 






Table 3: Orbifold groups, lattices and Hodge numbers for Zn and Zn x Zm orbifolds. 
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The group generator ^ G F acts as follows on the complex coordinates of 



with ±v^ ±v^ ±v^ = 0to furnish ^t/(3) holonomy (^0 = 0) In Table 3, we give a 
list of possible Zn and Zn x Zm orbifolds, together with the torus lattices they live on 
and their Hodge numbers. The lattices marked with b, jj, and * are realized as generalized 
Coxeter twists, the automorphism being in the first and second case 5'iS'2S'35'4P36-P45 and 
in the third 5'i5'25'3Pi6-P25-P34- 

The twist elements ^, . . . , 9^~^ produce conical singularities. In a small neighborhood 
around them, the space locally looks like C'^/F (isolated singularity) or C^/F*^^) x C (non- 
isolated singularity) . In Ref. 0] these singularities are resolved using the methods of toric 
geometry resulting in a smooth Calabi-Yau space Yq. Afterwards a consistent orientifold 
action O is introduced, resulting in the Calabi-Yau orientifold Xq. After resolving the 
orbifold, three kinds of divisors T> appear, namely E^, Di^, and Ri. The divisors 
are the exceptional divisors arising from the resolution of an orbifold singularity fa (or 
an orbit under the orbifold group), while the divisors Di^ denote hyperplanes passsing 
through fixed points: Aa = [z"" = ^/i^ed.a}- The divisors Ri = {z* = c} for c ^ ^/i^ed.a 
are hyperplanes not passing through a fixed point 0. As opposed to the Di^t they are 
allowed to move. 

As already anticipated in Section 3, some divisors E (or divisor orbits under the 
orbifold group on the T^) in the geometry of the covering space Yg may not be invariant 
under the orientifold action cr, c/. Eq. (^.7]). In this case, a pair of divisors {Ei, Ea), which 
are eigenstates (with eigenvalues ±1) under a may be constructed, c/. Eq. (p?9|). To this 
end, the original number of divisors /i(i,i)(y6) is split into h^^\^{XQ) even and /i^j^ i)(-^6) 
odd divisors. These numbers are determined for the orientifolds of the resolved orbifolds 
( pTT| ) in Ref. and are displayed in Table 4. In the previous section we have discussed 
the different stabilization mechanisms for these two kinds of Kahler moduli. 
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r 


(1,1) 


(1,1) 


r 


(1,1) 


(1,1) 




23 


13 


b t t 

*-'0 — 1 1 


27 


4 


Zzt 


25 


6 


^8 — // 


31 





Z4 


27 


4 


Xj 10 T 


18 


6 


Z4 


31 





10 J 

'—' iz — 1 


22 


6 


^6 — / 


19 


6 


Z 12 — // 


31 





^ A 7^ 
^-'D — 1 


23 


6 


Z2 X Z2 


51 





^6 — // 


19 


6 


Z2 X Z4 


61 





^6 — // 


23 


6 


Z9 X Zfi 


51 





Zg — // 


21 


8 


Z2 X Zg' 


36 





Ze-j/ 


25 


8 


Z3 X Z3 


47 


37 


Z7 


15 


9 


Z3 X Ze 


51 


22 


Zs-/ 


24 


5 


Z4 X Z4 


90 





Zs-j 


27 





Ze X Ze 


84 






Table 4: Hodge numbers i)(Xe) after the orientifold action 



We choose the orientifold action such that it gives rise to 03-planes and 07-planes. 
On the local C^/T patches, an involution, possibly involving the new coordinates associated 
to the exceptional divisors is chosen, see Section 5 of 

Since each 07-plane induces —8 units of L>7-brane charge, we choose to cancel this 
tadpole locally by placing a stack of 8 coincident L>7-branes on top of each divisor fixed 
under the combination of the involution and the scaling action. Each such stack therefore 
carries an SO (8) gauge group. For the iD3-brane charge, the case is a bit more involved. 
The contribution from the 03-planes is (in the orientifold quotient Xq of Yq) 

QsiOS) = no3 , 

where nos denotes the number of 03-planes. The iD7-branes also contribute to the D3 
tadpole (in the orientifold quotient Xq) 



24 

a 

where nm^a denotes the number of D7-branes in the stack located on the divisor Va- 
As we have seen, the T>a can be local L>-divisors as well as exceptional divisors E. The 
last contribution to the L>3-brane tadpole comes from the 07-planes (in the orientifold 
quotient Xq): 

1 Xi-Da) 



Q3(07) 



2 ^ 6 
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So the total Z)3-brane charge that must be canceUed is: 



_ no3 I ^ {nD7^a+4)x{Va) 

Q3,tot - — ^ 2 ^ 24 ■ ^ ' 

a 

These are the values for the orientifold quotient Xq, in the double cover Yq this value 
must be multiplied by two (c/. Subsection 5.3). Because we would like to avoid mobile 
il>3-branes, this tadpole will be saturated by 3-form flux Gs- 

The formula ( |5.2|) for the total L)3-brane charge Qs^tot differs from the known tadpole 
equation for the singular orbifold case by the second term. The latter is induced by 
the curvature of the D7-branes which is absent in the singular case. In that case, the 
number of orientifold 03-planes is always 64, i.e. nos = 64, and ( p.2|) boils down to 
Q3,tot = —16 ||4^. In the CFT description, this tadpole originates from the total leading 
divergent contribution of the Klein bottle amplitude Z;c{^,^) of the untwisted orbifold 
sector. However, there are additional tadpole contributions from other orbifold sectors to 
be cancelled. More precisely, the tadpole arising from the Klein bottle amplitude Zic{l, 9^) 
and in addition for even the Z2-twisted tadpole related to Z'/c(6'^/^, 6''^) have to be 
cancelled {k = 0,...,N — 1). The tadpoles from the sector (1,1) and for even also 
from the sector (1, 9^/'^) may be cancelled by introducing the right amount of il>3-brane 
(or/and 3-form flux) and 1^7-branes, respectively. On the other hand, the divergences 
of the Klein bottle amplitude Zic{l,9''), k ^ or for even from the combination 
Z)c{l, 9^) + Z)c{9^l'^ , 9^), k ^ 0, N/2 can only be cancelled against any of the annulus and 
Mobius strip contributions in the case that the orbifold group F is Z3, Zg-j, Zg.//, Z7 or 
Z12-/ H or Z2 X Z2,Z3 X Z3,Z6 X Z6,Z2 X Z3,Z2 X Z6,Z2 X Z^ Hence singular 



orbifolds have much more constraining tadpole equations, which are non-trivial to fulflU 
for all Zat- and Zat x Zm orbifolds. However, if one introduces discrete torsion or vector 
structure tadpoles from all orbifold sectors may be completely cancelled in all singular 
orbifold cases . 



Nevertheless, the orientifolds Xq constructed geometrically in Ref. 0] in the large 
radius regime from resolved orbifolds Yg need not have a CFT counterpart in their orbifold 
limit, since D-branes (in particular stacks of D7 and 07-branes) wrapping cycles which 
vanish in the orbifold limit, give rise to extra non-perturbative states in the orbifold limit. 

5.2. Resolved toroidal orientifolds as candidate models for a KKLT scenario 



In [jT^, a toroidal orbifold model, namely type II B string theory compactifled on the 
orientifold of the resolved T^/Z2 x Z2, was checked for its suitability as a compactiflcation 
manifold for the KKLT proposal. Since the F-theory lift of this example is known, Witten's 



criterion could be checked directly and the results of IT^] strongly indicate that in this 
model, all geometric moduli can be flxed. 
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The methods to obtain a smooth Calabi-Yau manifold from a toroidal orbifold and 
to subsequently pass to the corresponding orientifold as described in Ref. enable us to 
explicitly check other toroidal orbifolds for their suitability as candidate models for the 
KKLT proposal. 

The requirement that the scalar mass matrix be positive, discussed in Section 2.3, 
places severe constraints on the list of possible models. Those orbifolds without complex 
structure moduli do not give rise to stable vacua after the uplift to dS space. Thus 
Z3, Z7, Zs-i on SU{4)'^, Z2 X Zq/, Z3 x Z3, Z4 x Z4 and Zq x Zq are excluded from the 
list of possible models given in Table 3. For more details cf. Subsection 5.5. 

Since the stabilization of twisted complex structure moduli via 3-form flux is not 
well understood yet, the models with /i*2 i)* (-^6) cannot be checked explicitly. Yet 
considerations regarding the topology of their divisors suggest that they might not be 
suitable candidate models anyway, as will be explained later on. The only models which 
are not yet excluded and are directly amenable to our methods are thus T^/Z^ on SU (4)^, 
T^/Zq-ii on SU{2) x >St/(6), the above mentioned /Z2 x Z2, and /Z2 x Z4. The 
example T^/Z4 on SU (4)^ contains five instead of the usual three untwisted Kahler moduli. 
Since it is not clear how these two extra non-diagonal untwisted Kahler moduli contribute 
to the superpotential, this example will not be discussed explicitly. 

The question one would like to answer is: Do enough of the divisors of the above 
models contribute to the non-perturbative superpotential that all Kahler moduli can be 
fixed? To answer this question, the topologies of the divisors must be studied. In Section 
4.3 of 0] it was shown that there are four basic topologies for the divisors of the resolved 
toroidal orbifolds: The divisors Ri inherited from the covering have the topology of 
either (i) or (ii) T^. The exceptional divisors Ei which arise in the blowing up process 
can be birationally equivalent to either (iii) a rational surface [i.e. or F^) or (iv) 
X T^. The same is true for the -D-divisors, which correspond to planes fixed at the loci 
of the fixed points and are linear combinations of the Rs and Es. The rational surfaces 
have /i(i,o) = ^(2,0) = ^ind therefore x{^s) = 1- Since /i(i,o) cind /i(2,o) are birational 
invariants, the number of blow-ups which depends on the triangulation of the resolution 
is irrelevant here. P""^ x has /i(i,o) = I5 ^(2,0) = 0, has /i(i,o) = 2, /i(2,o) = I5 which 
both results in = 0. K?, has /i(i,o) = 0, ^(2,0) = 1 a-iid therefore x{^s) = 2. 

Since except for jZ^ x Z2, the F-theory lifts of these models are not known, it 
must be determined directly in type IIB which divisors contribute to the non-perturbative 
superpotential. Here, we make use of the index for the Dirac operator on the world-volume 
of the Euclidean D3-brane ( [4.4|) . The values of the index for the four divisor topologies 
arising from resolutions of toroidal orbifolds are given in Table 5. 
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Topology 


07 on top 


inters, in 1 dim. 


no intersection 


KS 


2/[l] 





0/[-l] 




0/[-l] 


0/[-2] 


0/[-3] 


X 





i/[o] 


0/[-l] 




1 


1 






Table 5: Index xds for the four basic topologies 



The numbers in square brackets are the values of the index in the case that the corre- 
sponding zero modes have been lifted by flux, cf. Table 2. We see thus that for the case 
that the 07-plane does not intersect the divisor, we never get a contribution, so we better 
seek an orientifold action which leads to many 07-plane solutions. K3 can contribute for 
the case that the 07 lies on top of the divisor if the /i^^g) zero modes are lifted by fliix. 
In our set-up, the case that the 07 lies on top of the divisor cannot arise, since only the 
inherited divisors Ri can have the topology of K3, and these divisors are never wrapped by 
07-planes. A divisor with the topology of can likewise never contribute. x can 
contribute in case of an intersection with the 07-plane in one direction if no zero modes 
are lifted by flux. The rational surfaces always contribute except if there is no intersection 
irrespective of the background flux. To summarize: All those models are likely to allow 
the stabilization of all geometric moduli for which 

(z) the fixed points and fixed lines are all in equivalence classes with only one member, 
giving rise to E and D divisors which are birationally equivalent to rational surfaces and 

(ii) an orientifold action exists which gives rise to enough 07-plane solutions that 
each divisor intersects an 07-plane in at least one complex dimension. 

When these conditions are met, it is likely that all geometric moduli will be stabilized 
when the full scalar potential is minimized. 

Requirements (i) and (ii) are both met by T6/Z4 on SU{4)^, T^/Zg-// on SU{2) x 
SU{6), /Z2 X Z2 and T^/Z2 x Z4, therefore we expect that all geometric moduli can be 
stabilized in these cases. 

Models with fixed lines without fixed points on them which lie in orbits of length 
greater than one do not satisfy criterion (i) since the divisors corresponding to these fixed 
lines have the topology of P-*^ x T^. These are exactly the models with h^^ll^ ^ 0. 
Unless an elaborate configuration of 0-planes can be chosen such that all these divisors 
intersect on 07-plane along one dimension, these examples in general allow only for a 
partial stabilization of the geometric moduli via Euclidean D3-brane instantons. It should 
be stressed that examples like these are still not completely hopeless since additional effects 
might lead to the complete stabilization of all moduli. On the other hand, this survey 
again confirms the old suspicion that manifolds with the right geometrical properties to 
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allow the stabilization of all Kahler moduli by Euclidean DS-brane instantons or gaugino 
condensates are not very generic. 

So far, we discussed the conditions for a contribution to the non-perturbative su- 
perpotential from Euclidean D3-instantons. Since we cancel the 07-tadpole by placing 
D7-branes on top of the 07-planes, a gaugino condensate can arise on the world-volume 
of the DT-branes. As mentioned before, for a contribution to the non-perturbative super- 
potential to arise from a gaugino condensate, we should have 

(a) no bifundamental matter. This is given when the different divisors on which D7-branes 
are wrapped do not intersect. This condition can be easily checked by inspection of the 
toric diagram of the resolved patches. 

(b) no adjoint matter. This depends on the Hodge numbers of the divisor which is wrapped 
by the brane. For rational surfaces, i.e. /i(i,o) = ^(2,0) = 0, this criterion is fulfilled. 

In the following, moduli stabilization will be discussed in detail for the two examples 
TVZe-// on SU{2) x SU{6) and TVZ2 x Z4 on SU{2)^ x SO{5)^. In Subsection 5.3 sta- 
bilization of the dilaton and complex structure moduli through 3-form flux Gs is discussed 
and in Subsection 5.4, the stabilization of the Kahler moduli. 

5.3. Complex structure and dilaton stabilization through 3-form flux 

For the orbifolds Xq with /i|2i)(^6) = 1 the Kahler potential for the dilaton and 
complex structure modulus {U = U^) ( |2.9D is: 



Ko 



log{S + S)-log{U + U) , 



(5.3) 



while the tree-level superpotential (|2.14|) may be written as 



Wo = A + BS + U{C + DS), 



(5.4) 



with A, S, C, -D G C to be specifled later. With the F-terms 




(5.5) 



we may cast the scalar potential 



V = 9ss F'f' + g^jj F^f"" - 3 e 
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into the form: 

U + U S + S ^ ^ ' ^ (5.6) 

\ A + B S + U {C + D S) ] . 

The extremal points in the moduh space (5", U) are determined by the solutions of the 
equations , = 0: 

1 B C - BC -A D + AD i -B C + B C -A D + AD 

S2 = - = = , U2 = - = = , (5.7) 

2 BD+BD 2 CD+CD ^ ' 

and similarly for the real parts si, wi. 
The 3-form flux - F3 + z ^ i^s 

^ 3 6 

(5.8) 

entering (|2.14 ) is given as linear combination w.r.t. the integer cohomology basis 
{cKi, /9*}i=o,...,3 and {7j, 5-'}j=i,...,6 0- This gives rise to 20 real flux components to be 
constrained by the respective orbifold group Z^v. This allows to express the complex pa- 
rameters A, B, C, D through the eight integers aP , a} ^ bo, 61, c'^, c^, do, di. For more details 
cf. 0]. The F-flatness conditions F^ , F^ — force the complex structure to align such, 
that the flux G3 

Gs = \ { [A-BS + U(C-DS)] dz^ Adz^ Adz^ 



(27r)2a' 2 Re{U) 

-[A + BS + U{C + DS)] dz^ Adz"^ Adz^ (5_g) 
+ [A + BS-U{C + DS)] dz^ Adz^ Adz^ 
- [A-B S -U (C -D S)] dz^ Adz^ Adz^ } 

becomes ISD, i.e. it has only (2, 1) and (0, 3)-components at the extremum. The flux G3 
induces the contribution of 



to the total D3-brane charge (|5.2| ). Generically, this integral is calculated in the orientifold 
cover Yq. Therefore the number Nfi^x has to be twice the negative value of the total D3 
brane charge (|5.2|) , i.e. 

Nfiu. = -2 Q3,tot (5.11) 

to cancel the latter by flux only. 
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(i) Ze-// - orbifold on the SU{2) x SU{6) lattice 



The Ze- //-orbifold has the action (f^, v"^, v^) = ~^)- The 3-form flux ( |5.8|) con- 

strained by the Z6-//-orbifold group becomes: 



,^ ^2 , ^3 =1 (ao + iSco) (3 ao + 2 /^s + 7i - 272 - 2 73 + 74 - ^5) 
+ {bo + iSdo) {-as + /3o + 75 - Te) 
+ ^ {bi + tSdi) (2 /3i+/?2+5i-52-2 53-54) 



(5.12) 



+ (ai + zS'ci) (ai + ^2 + - 72 - 73 - ^e) • 
This fliix correspond to the flux number: 

iVflux = 2 60 Co + 61 (co + 3 Cl) - 2 ao cfo - (ii (ao + 3 ai) . (5.13) 

For the Zg.// orbifold with SU{2) x S't/(6) lattice the coeflicients A, B, C, D entering 
become: 

. "\/3 , ., ^ , a/3z , 
A = Oi + zoo , -D = — ao ai , 
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C = ao + i + v^ai^ , D = - + V3ci^ + ico 



(5.14) 



With this information, Eq. ( p.4| ) yields the superpotential 
M^o = -^^>i+^6o-5 fc^o+'^' 




ao + z —p^ + V 3 ai — d (7 —pz + v3 ci — z co 



(5.15) 



Since the total L>3-brane charge in the CY orientifold is Qs^tot = —22 (see Section 5.4), we 
look for fluxes (|5.12| ) with Nfi^x = 44 on the covering space Yg. Furthermore, the flelds 
S = si + is2 and U = ui + iu2 should be flxed (c/. (^.7|)) to realistic values. A reasonable 
value for KeS is si ~ 3.6, which corresponds to a string coupling constant (^string ~ 0.27 
at the string scale. Besides, the complex structure modulus U is expected to be around 
the p-point in the fundamental region, with p = ^ + |v^- An additional constraint may 
be imposed on the tuning parameter e^°|VFoP? which should be small to avoid higher 
order effects in the full non-perturbative superpotential ( |2.13| ). After a systematic scan 
in the flux space {a^, a^, bo, 61, c°, c^, do, di) G Z^ we flnd hundreds of vacua, which meet 
these criteria. A set of equivalent vacua, differing only in the discrete flux parameters 
(a°, a^, bo, bi, c°, c^, do, d\ ), is given in the following Table 6. 



42 





bo, c°, do 


a\ 6i 




di) 


Si 


S2 


Ul 


«2 


ms 


mu 


(-5, 


12, 0, 2, 


-4, -8 


-1 


0) 


3.15788 


5.83333 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


10, 0, 2, 


-3, -8 


-1 


0) 


3.15788 


4.83333 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


6, 0, 2, - 


1, -8, 


-1, 


0) 


3.15788 


2.83333 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


0, 0, 2, 2 


-8, - 


1, 0) 


3.15788 


-0.166667 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


-4, 0, 2, 


4, -8, 


-1, 


0) 


3.15788 


-2.16667 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


-8, 0, 2, 


6, -8, 


-1, 


0) 


3.15788 


-4.16667 


1.26315 


0.0666667 


2.18 


13.68 


(-5, 


-12, 0, 2 


8, —8 


-1 


0) 


3.15788 


-6.16667 


1.26315 


0.0666667 


2.18 


13.68 


(5, 10, 0, -2, 


-7, 8, 


1, 0) 




3.15788 


-5.16667 


1.26315 


0.0666667 


2.18 


13.68 


(5, 8 


0, -2, - 


6, 8, 1 


0) 




3.15788 


-4.16667 


1.26315 


0.0666667 


2.18 


13.68 


(5, 6 


0, -2, - 


5, 8, 1 


0) 




3.15788 


-3.16667 


1.26315 


0.0666667 


2.18 


13.68 


(5, 2 


0, -2, - 


3, 8, 1 


0) 




3.15788 


-1.16667 


1.26315 


0.0666667 


2.18 


13.68 



Table 6: Discrete landscape of supersymmetric AdS minima for Nfiux = 44, 

^ 0.34864 and Vo = -0.364644. 



Clearly, the axionic vev S2 may be shifted back into the fundamental region S2 = —0.166667, 
while the flux number Nfiux m (|5.10| ) and Kq, Wq are preserved ||53|| . Furthermore, in Ta- 
ble 7 we present a set of supersymmetric AdS minima in the {S, C/)-space with different 
tuning parameters e^°|VFoP- 



{a°, bo, c°, do, a\ bi, c\ 


di) 


Sl 


S2 


Ul 


U2 


-Vo 


\Wo\ 


ms 


mu 


( -2, -7, -1, 2, 3, -8, 0, 


-2) 


3.8092 


-0.3 


2.11622 


0.722222 


0.02273 


0.087046 


1.52 


4.91 


( 0, -10, -1, -1, 5, -3, 1 


, -2) 


3.7944 


3.95 


1.2648 


0.316667 


0.278999 


0.304958 


1.51 


13.67 


( 0, -10, -1, 2, 3, -6, 0, 


-2) 


3.7934 


-1.9 


2.10745 


0.944444 


0.296119 


0.314176 


1.51 


4.92 


( 2, -10, -1, -1, 3, -1, 1 


, -2) 


3.7918 


2.65 


1.26392 


0.55 


0.324662 


0.328969 


1.51 


13.67 


( 0, -10, -1, -1, 6, -6, 1 


, -2) 


3.7296 


4.7 


1.036 


0.305556 


1.40124 


0.683432 


1.51 


19.86 


( 0, -10, -1, -1, 4, 0, 1, 


-2) 


3.7095 


3.2 


1.5456 


0.333333 


1.75049 


0.763869 


1.51 


8.87 


( 5, -9, -1, -1, 0, 3, 1, - 


2) 


3.6575 


0.35 


1.21918 


0.783333 


2.64978 


0.93982 


1.51 


13.95 



Table 7: Supersymmetric AdS minima in the {S, U)-space for Nfiux = 44 and specific e 



Kq/2 



Wo\. 



(ii) Z2 X Z4 - orbifold on the SU{2)^ x SO{5f lattice : 



The Z2 X Z4-orbifold has the two actions {v^,v'^,v'^) = |(1,0, — 1) and {w^ , w'^ , w^) 
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|(0, 1, —1). The 3-form flux (|5.8|) constrained by the Z2 x Z4-orbifold group becomes: 
Gs ={as + iSco) (-02 + "3) + («o + iSco) I ao - 0^2 - ) 



+ {b2 + iSd2) [ai + lpo + P2] + (bs + iSds) (ai + lpo + Ps 



(27r 

+ (ho + iSd',) I + , , , , , , 

' (5.16) 

The coefficients A, B, C, entering ( ^.61) are given in the case of Z2 x Z4-orbifoId with 
SU{2)^ X SO{5)^ lattice by: 



A = -^{b2-ih) , B = ^{d2-ids) 
6 = — ^ao + as , iJ = — cq + i C3 . 



(5.17) 



Furthermore, the flux number is: 

Afflux = a3d2 - 62C3 + 63 (co + C3) - (ao + 03) ^3 . (5.18) 
With this information, the superpotential (|5.4|) becomes: 



Wo^-^^ {b2~ibs)+S -^^y^ (^2 - i ds) 

+ U I ao + as j + S U I — - — cq + i cs 



(5.19) 



We search for fluxes ( |5.16| ) with Nfi^x = 52. We fix the value of the si at 3.24, 
which corresponds to a string coupling constant (/string = 0.30 at the string scale. A set of 
equivalent vacua, differing only in the discrete flux parameters (a*^, b2, ^ d2, ^ bs, , ds) , 
is given in the following Table 8. 



(a°, 62, c°, d2, a^, 63, c^, ^3) 




S2 


Ul 


U2 


ms 


mu 


(14, 14, 0, 1, -3, 14, -2, -5) 


3.23796 


-1.875 


0.925131 


-1.46429 


2.46 


30.21 


(14, 15, 0, 1, -3, 15, -2, -5) 


3.23796 


-2.125 


0.925131 


-1.53571 


2.46 


30.21 


(-8, 8, 4, 1, 11, 8, -2, -3) 


3.23796 


-1.875 


0.925131 


0.535714 


2.46 


30.21 


(-14, 14, 0, 5, 11, 14, 2, -1) 


3.23796 


1.875 


0.925131 


1.46429 


2.46 


30.21 


(-14, 15, 0, 5, 11, 15, 2, -1) 


3.23796 


2.125 


0.925131 


1.53571 


2.46 


30.21 


(8, 8, 4, 3, 3, 8, -2, -1) 


3.23796 


1.875 


0.925131 


-0.535714 


2.46 


30.21 


(14, -16, 0, -3, -19, -16, -2, -1) 


3.23796 


6.125 


0.925131 


0.535714 


2.46 


30.21 


(14, -15, 0, -3, -19, -15, -2, -1) 


3.23796 


5.875 


0.925131 


0.464286 


2.46 


30.21 


(14, -14, 0, -5, -11, -14, -2, 1) 


3.23796 


1.875 


0.925131 


1.46429 


2.46 


30.21 



Table 8: Discrete landscape of supersymmetric AdS minima for Nfiux = 52, 
jiy^i ^ 0.310374 and Vo = -0.288997. 



44 



In the next table, we present a set of supersymmetric AdS minima in the (5', C/)-space with 
same tuning parameter c'^^lVFop, but different choices for S and U. 



(o°, 62, c°. 


d2 


a^, 63, 


d3) 


Sl 


S2 


Ul 


U2 


ms 


niu 


(-13, 17, 3 


1 


11, 17, - 


1, -5) 


3.70 


-2.85714 


1.29518 


1.85 


1.88 


15.42 


(-10, 16, 3 


1 


9, 16, -1 


, -5) 


3.70 


-2.14286 


1.52375 


1.82353 


1.88 


11.14 


(9, 15, 1, 3 




1, 15, -2, 


-5) 


3.70 


-1.14286 


1.52375 


-2.17647 


1.88 


11.14 


(-14, 20, 3 




1, 16, 20, 


-2, -4) 


3.70 


-6.14286 


1.29518 


1.15 


1.88 


15.41 


(-9, 15, 1, 


5, 


8, 15, 1, - 


■3) 


3.70 


1.14286 


1.52375 


2.17647 


1.88 


11.14 


(-4, 15, 2, 


2, 


6, 15, -1, 


-5) 


3.70 


-1.85714 


3.23796 


1.625 


1.87 


2.48 


(2, 20, 1, - 


1, 


13, 20, -2 


, -3) 


3.70 


-8.14286 


1.52375 


-0.176471 


1.88 


11.14 


(-6, 20, 2, 


-1 


, 12, 20, - 


-2, -4) 


3.24 


-5.875 


2.15864 


0.583333 


2.46 


5.56 


(-5, 10, 3, 


2, 


7, 10, -1, 


-4) 


3.24 


-0.875 


1.61898 


1.0625 


2.46 


9.87 


(3, 11, 2, 2 


3 


11, -2, - 


■4) 


3.24 


-1.375 


2.15864 


-0.916667 


2.46 


5.56 


(-2, 15, 2, 


3, 


4, 15, -1, 


-5) 


3.24 


-0.875 


4.31728 


1.16667 


1.38 


2.47 


(-6, 14, 2, 


4, 


6, 14, 0, - 


■5) 


3.24 


-0.125 


2.15864 


2.41667 


2.46 


5.56 



Table 9: Supersymmetric AdS minima in the {S, U)-space for Njiux = 52, 
\Wo\ = 0.310374 and Vq = -0.28900. 



[iii) Z4 - orbifold on the SU{AY lattice : 

The Z4-orbifold has the action (f^, f^, v'^) = (|, \, ^\)- The 3-form flux ( |578|) con- 
strained by the Z4-orbifold group becomes 

yCs =(ao + iScq) (ao + as + /32 - 72 - 73 - ^b) 



(27r)2a 

+ ^ (60 + iSdo) (-02 + 2/3o + /33 + 74 + 75 - 76 + h) 

+ ^ (61 + iSdi) (a2 + 2/3i + /33 - 74 + 75 - 76 - 2^2 - ^3) 
+ (ai + iSci) {ai + 2q!3 + /32 - 72 - 273 + ^4 - ^5 - ■ 

In the case of the Z4-orbifold with the lattice SU{4)'^ the coefficients A, B, C, D entering 
^) are given by: 

A = —bi + i bn , B = —dn — i di , 

(5.21) 

C = ttQ + i (ao + 2ai) , D = -cq - 2ci + i cq . 
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Furthermore, the fliix number is: 



iVflux = 2 [ (60 + h) Co + hci - 2aidi - {do + di) ao ] . (5.22) 
With this information the superpotential (|5.4| ) becomes: 
Wo ^ - bi + i bo - S {di + i do) 

(5.23) 

+ U [ ao + i [ao + 2 ai) ] - S U (cq + 2 ci - z cq) . 

5.4- Kdhler moduli stabilization 

We consider the racetrack superpotential ( |2.13| ) 

W = Wo+ 7j e"^' , (5.24) 

with Wo related to the tree-level flux superpotential ( |5.4| ), by Wo = — e^°/^|VFo|- The re- 
defined quantity Wo makes sure, that the minimization procedure w.r.t. the set of Kahler 
moduli T^,...,T"' in the Kahler gauge Ko = yields the correct value — 3e^|VFoP = 
— 3e^''''"^|VFop in the scalar potential ( p.22| ). This value accounts for the contribution of 
the dilaton and complex structure stabilization procedure, which is decoupled and per- 
formed in the previous subsection. Here and in the following K is the Kahler potential 
( p.l2|) for the n = h'^^^^^Xa) Kahler moduli T^, . . . ,T'^. According to Subsection 2.2, we 
may assume 7j G R"*", i.e. any complex phase of 7j has been put into the axionic vevs 
( p.l9|) of the Kahler moduli TK The supersymmetric vacua are given by the equations 
( p.lTp , i.e. by the critical points of e^/'^W . These equations fix the real part of the Kahler 
moduli T-', i.e. the divisor volumes Yo\{T>i) of an even divisor Vj-. 

Vol(P,) = Re(T^) = - /C,,fc t^ t''=2dp ^^^^^^^ " ^^"^^^ 

To ignore a'-corrections, the Kahler moduli or divisor volumes Vol(Pj) should 
be stabilized at large values, resulting in a large CY volume Vol(X6). The F-fiatness 
roughly give rise to the relations Wq ~ 7j e"^ '^^ . Hence, a smaller Wo or 
larger coefficients 7^ yield larger divisor volumes ReT-' . Hence a small Wo or large divisor 
volumes guarantee that a'-corrections may be neglected. In ( ^.24|) , the exponentials e"^ 
should be small ~ (9(10~^), such that multi-instanton processes or multi-wrappings may 
be neglected. In principle, this means that Wq should be also of this order ~ 10~^ 
Furthermore, in Ref. it has been argued that due to the smallness of these exponentials 
a dependence of the coefficients 7j on the dilaton S and complex structure moduli 
does not change the critical points of the dilaton and complex structure moduli much. 



conditions (2.17 
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as derived in the previous subsection, as long as the relative derivatives 7^ ^ ds^u^'Jj 
7~^ dg jjx'yj are not huge. 

(i) Zg-jj - orbifold on the SU{2) x SU{6) lattice : 

We consider the resolved Ze-j/ orbifold Yq on the lattice SU{2) x SU{6) which has 

/i(i,i)(y6) = 25. 



I I 




Fig. 1: Schematic picture of the fixed set configuration of Zq-u on SU{2) x SU{6) 



The configuration of the fixed point set is displayed in Figure 1 in a schematic way, where 
each complex coordinate is shown as a coordinate axis and the opposite faces of the re- 
sulting cube of length 1 are identified. We see that there are 12 local C^/Zq-u patches 
which each sit at the intersection of two fixed lines, 3 C^/Za fixed lines in the direction 
originating from the order three element 9^ and 4 C^/Z2 fixed lines in the z'^ direction 
originating from the order two element 9^. 

The resolution of the C^/Zq^u singularity is described by the toric diagram in Figure 
2. From these two figures, we can read off the exceptional divisors 0], which together with 
the inherited divisors Ri form a basis for H^^'^\Xq): 

Rl T R2 : R3 , ^l,f3j : -E'3,7 5 -E'2,/3 , -E'4,/3 , (5.26) 

with /3 = 1, 2, 3 , 7 = 1, . . . , 4. In addition, the orbifold fixed points give rise to the eight 
divisors L>i,L>2,/3 and .03,7. The topologies of these divisors were determined in [Q. -E'1,/37 
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^ ( 




Di E4 


E2 



\ E3 




Di El 







Fig. 2: Tone diagram of the resolution of C^/Zq^u and dual graph 

is a blow-up of Fi in two points, while the remaining exceptional divisors -E'2,/35 -^^3,75 -E^4,/3 
are all x P^. Di, D^^ are blow-ups of P^ x P^ in 12, 8, and 9 points, respectively. 
Finally, Ri is a and R2, R3 are K3 surfaces. 

Any orientifold projection O with 03- and 07-planes is such that the twelve divisors 
i?! 27, -E'1,37, -^2,2, -E'2,35 -E'4,25 and £^4^3 are not invariant under the orientifold action a 0: 



c -E'1,27 — -E'1,37 ' ^ -^1,37 — -^1,27 
a E29 = -E'2,3 7 cr i?2,3 = -E'2,2 5 



[5.27) 



a E. 



4 2 — -E'4,3 



a E. 



4,3 — -E'4,2 



and the six pairs of eigenstates {E, E) under a have to be constructed (c/. also Section 3): 



1 

2 
1 



-E'1,7 7^ ( -E'1,27 + -E'1,37 



1 
2 



-E'2 := - ( -E'2,2 + -E'2,3 ) 
-^4 := - ( -E'4,2 + -E'4,3 ) 



-E'1,7 7^ ( -E'1,27 — -E'1,37 ) ' 



1 



-E'2 - ( -E'2,2 — -E'2,3 
1 



(5.28) 



E. 



-E'4,2 — -E'4,3 



As a consequence, we have /iL i)(-^6) = 6 (c/. also Table 4). Furthermore, the divisors il>2,2 



and L>2,3 are mapped to each other under a and only the combination D2 = ^ (-02,2 + -02,3) 
is invariant. To summarize, the orientifold action O splits the divisors (|5.26| ) into the even 
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divisors 

H^\Xq) 3 , , -E'2,1 , E2 , -E'4,1 , , Es^j , L>i , L>2 , -02,1 , -^3,7 , -Ri, , -R2 , -R 

(5.29) 



and into the odd divisors 

H^^\X(,) 3 E2 , ^4 , ^1,7 , ^2 (5.30) 

with 7 = 1, . . . , 4. We choose the orientifold action a such that its fixed point set consists 
of seven 07-planes wrapped on the divisors Di, i?2,i and i?2- In addition, there 
are twelve 03-planes at 2;^ = , 0. Because of x(-Di) = 16, x{Ds^^) = 13 and 

x{E2,i) = x{E2) = 4, the total D3-brane charge Qa.tot in Eq. (|J) is Q^^tot = -22. 
The Poincare dual 2-forms uji of the 19 invariant divisors represent a basis for the Kahler 
form J: 

J = ri Ri+ r2 R2 + rs Rs - t2 E2 - E4 - ^2,1 -^2,1 - ^4,1 -^4,1 

4 (5.31) 

~ ( ^1.7 -^1,7 "I" ^1,17 -^1,17 + ^3,7 -E'3,7 ) 7 
7=1 

with the 19 Kahler coordinates ri, r2, ra, ti^-^, ti,i-y, ^2, ^2,1, ^3,7, ^4, ^4,1- The intersec- 
tion numbers computed in are split (c/. Subsection 2.1) into the two sets of intersection 
numbers K-ijk 

1 

-Rs-E'l,! = —4 , RsEIi = —1 , R3E2 = —2 , R3EI — 

3 
4 

i?23i = 32 , i?|,i = 4 , £;| = 8 , El = l , £;|,7 = 4, (^-32) 

-^1,17-^2,1 = ~4 , Ei^i^E^^i = —1 , Ei^i^E^.^ = —1 , 

Ei^El = -1 , Ei^jEl = -- , £;i,^£;3 ,^ = -1 , 

-E'l,l7-E'2,l-E'4,l = 1 , -E'l,7-E'2-E'4 = ^ , 

and /Ciab: 

R3E2E4 = - , -R3-E'| = —2 , i?3-E'| = ^2 ' 

~2 3 ~2 ~ ~ 

-^1,7-^1,7 = ^ ' i?4-E'2 = ~1 : E2E2E4 = —1 , 

£;2^| = 8 , E^Ej = 1 , (5.33) 

-E'l,7-E'2-E'2 = —1 , -E'l,7-E'2 = ~1 5 -E'l,7-E'4-E'4 = — ^ , Ei^^EI = — - , 
-E'l,7-E'2-E'4 = ^ , -E'l,7-E'2-E'4 = ^ , -E'l,7-E'2-E'4 = ^ ■ 
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R1R2R3 — 3 , -R3i?2,l -E'4,1 — 1 , R3E2E4 — - , i?2-E'3^ — —1 

2 ' 



-^1,1^ = 3 , = - , i?| ii?4,i = -4 , i?|i?4 = -1 



The volume YoI{Xq) = ^ J AJ AJ = ^ ICijk P of the CY orientifold Xq, becomes: 



1 ^ 1 

Vol(X6) = 3 ri r2 rs + rs (t2,i ^4,1 + 2 ^2 ^4) - ^ ( ^1,17 ^2,1 ^4,1 + ^ ^1,7 ^2 ^4 

7=1 

-9^2 5^ ^7-^3(241+ t2^^+t2^ t2) 



7=1 



4 4 
- ^ E( 4l7 + I ^7 ) + 2 ^1,1 + ^ ^4 - I ( 4ti,i + 14^+^3 + 1 ^3 ) _ I ^ 



7=1 



7=1 



4 ^ ^ ^. 

+ X] ( 2 tl,l7 t2,l + 2 ^^'^"^ ^3,7 + 2 ^^'"^^ ^^'^ ^ 2 ^^'^ 2 ^^''^ ^^''^ 8 ^^'^ j ' 

7=1 ^ ' 



(5.34) 



According to Eq. ( ^.251 ) from (|5.32|) or ( ^.341) , the 19 divisor volumes are derived: 



Vol(i?i) = - r2 ra , Vol{R2) = - n rg - - t 



4 ^-3,7 ' 

7=1 



Vol(i?3) = ^ ri r2 + ^ t2,l t4,l + ^ t2 t4 - 3 tl^ - ^ tl^i - ^ _ - ^2 ^ 



3 
4 



3 
4 



3 2 3 
2 ^ 8 



Vol(i?i,^) = t?,^ + ltl + ^tl + -^ tl^ -\t2U, 

Vol(Ei,i^) = -- 1^ + 3 t2,l + ^ ^4,1 + ^ ^3,7 - 2 ^^'^ ^"^'^ ' 

4 

Vol(£;2) = - rg t4 - 3 ra t2 + 2 ^2 t4 - 6 - - ^( ti,^ ^4 - 4t2 ti, 

7=1 



7 ' 



Vol(£;2,i) = ^ ^3 ki - 6 ra ^2,1 + 6 ^2,1 ^4,1 - 24 1%^ " ^ ^1,17 ^4,i - 4t2,i ^1,17 ) . 



7=1 



3 
2 



Vol(^^3,7) = -77 ^2 ^3,7 - 3 ^3^^ + - t3,^ + - ti,^ ^3^ 



3 
2 



(5.35) 



4 4 

Vol(£;4) = - r,,t2-- r,,U + -tl--tl + \ ^ti,^ t4 - | ^^^1,7 ^2 



7=1 



7=1 



4 4 
3 3 3 3 \— ^ 

Vol(£;4,i) = 15 ^3 ^2,1 -i^r^ U,i + 3 tl^^ - 3 4i + 9 XI ^I'l^ ^4,1 - 9 5^ ^l,l7 ^2,1 



7=1 



7=1 



The seven (invariant) planes Di^ localized at the fix points are given through the rela- 
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tions 



Di = - {Ri — i?2,i — 4 £'4^1 — 2 ^2 — 8 i?4,2 ) — - ^ ( 3 Es^^ + 2 Ei^^ + 

7= 



(5.36) 



1^9 



1 1 1 1 

- { R2 - E2 - E4 ) - - ^ i?!^^ , i:>2,i = 2 ( -R2 - -E'2,1 - -E'4,1 ) ~ 3 -^1, 



I7 : 



7=1 7=1 
-^3,7 = i?3 — -E'1,17 — 2 — E's^-y . 

In the superpotential ( |5.24|) , we have two sets of contributing divisors "D^: On the seven 
divisors Vdt = {-Di, -D3,-y, -E'2,1, -E'2}, a stack of one 07-plane and eight L>7-branes is 
wrapped. Gaugino condensation takes place in the SO{8) gauge theory. Therefore, we have 
aj = for the set 2^d7 of divisors contributing in (|5.24|) . On the other hand, divisors 



in the set Pd3 = {-D2, -D2,i, -E'1,7, -E'1,17, -E'37, E4, -E'4,1} can be wrapped by Euchdean D3 
branes. Since aU D and E divisors intersect one of the divisors carrying an 07-plane in 
at least one complex dimension (c/. Figures 1 and 2), the condition xds = 1 for a non- 
vanishing instanton contribution in the superpotential ( |5.24| ) is always met for the set 
of divisors. In total we have 23 contributing divisors and the superpotential ( ^.24|) reads: 

W = Wo{S,U)+ Yl e-2-^+ J2 e-2-Voi(2^»). (5.37) 

Now we are ready to stabilize all 19 Kahler moduli r^, ti ti 1^, t25 ^2,1, ^3,7, ^4 and i4^i. 
The D3-brane charge Qs^tot = —22 is completely cancelled by the 3-form flux G3, given 
in Eq. ( |5.12|) . In fact, in the previous subsection we have presented critical points for 
the dilaton and complex structure moduli corresponding to a set of flux solutions, with 
Nfiux — 44. For a Wq = —0.34864, corresponding to the critical points of Table 6, we find 
the following 23 divisor volumes (measured in string units): 



Vo^Di) = 4.92087 , Vol(L'2,i) = 17.1883 , Vol(L'2,2) = 17.9329 

yol{Ds,j) = 35.1656 , ¥01(^2) = 3.55689 , Vol(^4) = 0.710518 

Vol(£;2'i) = 4.84171 , Vol(£;4,i) = 0.922548 , Vol(E3,^) = 1.01315 

Vol(Ei,i^) - 1.06872 , Vol(Ei,^^) = 0.884484 , 
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(5.38) 



corresponding to the sizes of the nineteen Kahler moduli: 

ri = 3.04765 , r2 = 2.91779 , rs = 4.53928 , 
ti,^ = 1.52711 , = 0.869367 , ^3,7 = 0.46524 , 7 = 1,..., 4, (5.39) 

t2,i = 0.443261 , t2 = 0.663503 , U = 0.967525 , U,i = 0.634432 . 

The divisor volumes give rise to the total volume Vol(X6) = 115.94. This is large enough, 
that one-loop (and higher loop) corrections to the Kahler potential are suppressed, with 
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a string-coupling constant (/string ~ 0.3 (c/. Subsection 5.3). Furthermore, the divisor 
volumes ( ^.38|) are large enough to suppress higher order instanton effects {e.g. from multi- 
wrapped instantons) in ( [5.37| ), since e-2-Voi(E2)/6 _ 

0.02 and even smaller for the other 

divisors. 

The six divisors ( [5.30| ) or their corresponding cohomology elements give rise to the 
non- vanishing bulk 2-forms i?2, C2 {cf. Eqs. ( |3.10| ) and ( |3.17| )), with the twelve real scalars 
b'^,c'^. According to Eq. ( |2.5| ) the latter are combined into the six complex scalars G"" , de- 
fined in Eq. (|2.5|) . Following Section 3 for stabilizing the moduli 6" we solve the calibration 
condition ( |3.13| ). For this we need the intersection form /Cab and calculate its determinant 
for the values (|5.39| ). The matrix /Cab is given by: 



T 7 

2 r3-t2+2 ^tl,^ -i r3+t4-i J^^^'f ~3 *2 -I t4 + l t2 -\ t4+^ ±2 -\ t4 + i 

1 7 
-t2 + i t4 -\ t4+^ t2 I 

-t2 + \ U -\ t4,+ \ t2 I tl,2 

-t2 + ^ t4 t4+^ t2 I tl,3 

V -t2 + i t4 -\ U+\ t2 Of tl,4 

(5.40) 

For the values j WM) we find det(/C) = -91.25 ^ 0. Hence, the only non-trivial solution 
for ( |3T3| ) is: 

6'^ = . 

Furthermore, in Section 3 a mechanism has been proposed to also stabilize the fields c" 
by turning on the 2-form fiux from the ambient space [cf. Eq. (|3.19| ) and also the 



discussion at the end of section 4). To this end, for the Zg orbifold we have stabilized all 
27 moduli fields. 



(n) Z2 X Z4 - orbifold on the SU{2f x ^0(5)^ lattice : 



As our second example, we consider the resolved Z2 x Z4 orbifold on the lattice 
SU{2)'^ X SO{5)'^. This orbifold has h(^i i^{YQ) = 61 Kahler moduli. We summarize here 
the relevant data from [Q. 

The configuration of the fixed point set is displayed in Figure 3 in a schematic way. 
There are 16 local C"^/Z2 x Z4 patches. The resolution of the C"^/Z2 x Z4 singularity is 
described by the toric diagram in Figure 4. There are four C'^/Z^ fixed lines in the 
direction from the order four element 9^. Furthermore, there are 12 + 12 + (10 — 4) = 30 
C^/Z2 fixed lines from the order two elements: From 9^, 9^(9'^)'^, and [9'^)'^ in the z^, z^, 
and z^ direction, respectively. The intersection points of three Z2 fixed lines are locally 
described by the resolved C^/Z2 x Z2 patches. 
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Fig. 3: Schematic picture of the fixed set configuration of Z2 x Z4 
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Fig. 4: Toric diagram of two of the resolutions o/C"^/Z2 x Z4 and dual graphs 

The resolution is described by the toric diagram in Figure 5. From these two figures, we 
can read off the exceptional divisors , which together with the inherited divisors Ri form 
a basis for H^^^^^Yq): 



Rl , R2 , R3 , -£'1,07' 5 -^2,/37 5 Es^n , -E'4,/37 7 E^^afS^ , Eg^ctP' 



(5.41) 



with a = 1,...,4, /3 = 1,2, = 1,2,3, 7 = 1,2, 7' = 1,2,3 and n = 1,...,10. The 
divisors -Ea,^, fJ- = 1,2,4,5 will also be denoted by E^^i^^, /3, 7 = 1,2. In addition, the 
orbifold fixed points give rise to the ten divisors 0]: 



E>l,a , E)2,p' , -03,7' 



(5.42) 
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Fig. 5: Toric diagram of the resolution of C"^/Z2 x Z2 and its dual graph 



The topology of these divisors was determined in [Q. The divisors Ei^^j and E^^ap are 
blow-ups of X in 5 points, the divisors -E'i,a3, E^^^, fi = 3, 6, . . . , 10, -Ee.aS, and 
Dia are blow-ups of P^ x P^ in 4 points, the divisors -Ea,^, /U = 1, 2,4, 5 are blow-ups of 
P^ X P^ in 8 points. The divisors -E'2,/375 -E'4,/375 -D2/3', and D^y are P^ x P^, while the 
divisors -£'5,0/37 are Fi, and the Ri are K3 surfaces. 

The orientifold projection O leaves all the divisors (|5.41J ) and (|5.42| ) invariant, hence 
/i^j^ \-j{Xq) = (of. also Table 4). We choose an orientifold action a such that its fixed 
point set consists of 14 07-planes wrapped on the divisors -Di,q,, -02/3', -Ds,-,,', and -£3,^, 
/i = 1,2,4,5. There are no 03-planes. Because of xiDia) = 8, x(L>2/3') = xiDs^-y) = 4, 
and x(-E'3,At) = 12, the total L>3-brane charge Q2,,tot in Eq. (|5.2|) is Q^^tot = —26. The 
Poincare dual 2-forms uji of the 61 invariant divisors ( |5.41|) represent a basis for the Kahler 
form J: 

J = ri Ri + r2 R2 + rs Rs — ^ I t2,/37 -E'2,/37 + ^4,/37 -E'4,/37 + ^ H^ap-y E^^^p-y 

/3,7=1,2 \ a=l 



4 / \ 10 



a=l \7=1,2,3 /3=1,2,3 / ^=1 



(5.43) 

with the 61 Kahler coordinates r^, ^1,07, ^2,/37, ^3,^, ^4,/37, ^5,0/37, ^e.a/?- The orientifold 
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action changes the triple intersection numbers )Cijk- They become [^: 



RIR2R3 


= 2, 


RlE^p-y = —1, RlE^fj^" = —1, 




RlEfg 


= -1, 


-R2-E'iQ-y = —1, -R2-E'iq,3 = —2, 




RsEq^p 


= -1, 


RsEqo,^ = —2, -E'ia7 = 3/2, 




EfaS 


= 2, 


Efa-y'Es^" = —1/2, Ef^^E^aS = 


= -1/2, 




= -1/2, 


EfaS^6a3 = "1, Eia-fE^p^ 


= -1, 


rv^' Eo,,ii 


= -1/2, 


ET^-iE-tii-.H/R^fi = 1/2, Et„^ 


E-iii^Efify'^ — 
'J f-ii 2. VJLX i_> 




= 1/2, 


-E'la7-E'L/3^ = -1, Eia1,El^p 


= -1/2, 


ElajEQ^^ 


= -1/2, 


Eia^El^^ = -1, = 4, 




Eif," 


= 2, 


Ei^nE^ap' = -1/2, E'i^nEl^p, 


= -1/2, 


^4/37 


= 4, 


EIp^EqccP = -1, -E^5a/37 = 4, 




EIcP^EqccP 


= -1, 


-^6a/3 = 3/2, -EIc^S = 2 • 





The intersection numbers involving the E^^^, // = 1, 2, 4, 5, which are fixed are 



RiEsf^E4^p^ = 


1, 


RlE2l3'yEsf^ = 1, 


Efa-f'Esf, = -1, 




\a-fE2PjEsf^ = 


1, 


EiayE^^ = -2, 


Elct-yE^f^E^aPf = 


1, 


Eip^Es^ = 


-4, 


E2P'rEi^ = 4, 


EI^^E^P^ = 4, 




Eif_,E6aP' = 


-2, 


E3^,Elp^ = -4, 


Es^E^is^EQctp = 


1, 


E^^iEl^p^ = 


-2, 


Es^E^ctP-yEQa^p = 


1, E^^El^p, = 


-1 



(5.45) 



Furthermore, the orientifold action changes the linear relations 0] between the divisors 
and Rf. 



^3 ^ ^3 

-Rl = 2-Dl,a + - ^i?l,a7 + 2 -E'5,a/37 + 2 X/ "^^'"'^ ' Ct=l,---,4, 

7=1 /3,7=1,2 /3=1 

/I 3 \ 1 ^ 

i?2 = ^D2,p + ( 2 ^2,/37 + 2 Es^is^ + - E^^p^ ) + 2 5Z ^5,a/37 

7=1,2 V / „=1 7=1,2 

+ J2E6,c.p + Es,^ , (/3,;u)G{(l,3), (2,6)}, 

a=l 

1 ^ ^10 

R2 = 2 D2,3 + 2 ^ ^^'"^ 2 ^ ^^'^ ' 

a=l M=7 
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4 /3 1 \ 1 ^ 

a=l /3=1,2 ^ ^ a=l /3=1,2 

+ ^3,^ , (7,^)G{ (1,7) , (2,8)}, 
1 ^ 1 

i?3 = 2 L'3,3 + 2 5Z +2 5Z ■ 

a=l ^i=3,6,9,10 



With the intersection numbers (|5.44| ), (|5.45| ) and the relation (|5.25| ), the divisor volumes 



Vol(£') and Vol{D) of the 68 divisors (|5.41|) and (|5.42|) may be calculated. Since the 



expressions are rather long we do not display them here. 

In the superpotential (|5.24|) , the 68 divisors split into two sets of contributing divisors 
Vf. On the 14 divisors Vd7 = ^2,/3, ^^3,7, E^^i, Es,2, -^3,4, -^3,5}, a stack of one 

07-plane and eight D7-branes is wrapped. Gaugino condensation takes place in the pure 
SO{8) gauge theory. Therefore we have again aj = for the set Vdj of divisors con- 
tributing in ( p.24|) . On the other hand, Euclidean iD3-branes can be wrapped on the divi- 
sors in the set V^s = {-E'3,37 -E'3,6: -E'3,7, -E'3,85 -E'3,97 -E'3,105 -^'1,07, -E'e.a/?, -E'2,/37, -E'4,/375 -^'5,0/37} 
of the 54 remaining divisors. Since all D and E divisors intersect one of the divisors 
carrying an 07-plane in at least one complex dimension, the condition xds = 1 for a 
non-vanishing instanton contribution in the superpotential ( |5.24|) is always met for the set 
Vds of divisors (c/. Section 4). In total we obtain for full the superpotential (|5.24| ): 



W = Wo{S,U)+ e-'-^+ e-2-^°i(^»). (5.47) 

Now we are ready to stabilize all 61 Kahler moduli r^, ^1,07, t2,/37, ^3,/x, ^4,/37, ^5,a/37, ^6,a/3- 
The D3-brane charge Qs^tot = ~26 is completely cancelled by the 3-form flux G3, given 
in Eq. ( [5.16| ). In fact, in the previous subsection we have presented critical points for 
the dilaton and complex structure moduli corresponding to a set of flux solutions, with 
Nfiux — 52. For a Wq = —0.3104 corresponding to the critical points of Table 8 we find 
the following 68 divisor volumes (measured in string units): 



Vol(Di,a) 


= 14.00 


, Vol(I^2,3) = 


= 5.543 , Vol(D3,3) = 5.60 , 


Vol(I)2,7) 


= 10.30 


, Vol(I)3,7) = 


= 11.07 , 7 = 1,2, 


Vol{E5^c,p^) 


= 1.30 


Vol(E4,^7) = 


= 1.59 , 


Vol(£;2,/37) 


= 3.30 , 


a = 1, . . .,4 , 


/3,7 = 1,2, 


Voi(£;i,«^) 


= 9.82 


Vol(E6,«7) = 


= 14.72 , a = l,...,4, 7 = 1,2, 


Vol(Ei,„3) 


= 15.23 


, Voi(£;6,«3) 


= 21.62 , a = 1,...,4 , 


Vol(i?3,^) 


= 8.06 , 


^ = 1,2,4,5 


, Vol(£;3 J = 27.15 , ^ = 3,6, 


vo1(£;3,m) 


= 19.26 


, /U = 7, 8 , 


Vol(E3 J = 27.00 , ;u = 9,10. 



(5.48) 
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corresponding to the sizes of the 61 Kahler moduh: 



ri 


= 7.826 


, r2 = 5.410 , 


rs = 4.593 , 






= 0.770 










= 0.239 , 


a = 1,...,4 , /3,7 = 1,2 , 






= 0.858 


, ^6,a7 — 1.860 , 


a = 1, . . .,4 , 


7 = 1,2, 




= 0.686 


7 ^6,a3 = 1.320 , 


a = 1,...,4 , 






= 0.037 , 


/" = 1,2,4,5 , 


t3,M = 0.569 , 


^ = 3,6 , 




= 0.302 , 


/X = 7, 8 , is,^ 


= 0.413 , 11 = 


= 9,10 . 



(5.49) 



The divisor volumes give rise to the total volume Yo\{Xq) = 229.22. This is large enough, 
that one-loop corrections to the Kahler potential are suppressed. Furthermore, the divisor 
volumes ( p.48|) are large enough to suppress higher order instanton effects in (|5.47|) , since 



e.g. e 27rVoi(E5_„^^) ^ 0.0002 and even smaller for the other divisors. To this end, for the 
Z2 X Z4 orbifold we have stabilized all 63 moduli fields. 

5.5. Orbifolds without complex structure moduli 



It has already been discussed in and thoroughly in Subsection 2.4. that type IIB 



orientifolds of toroidal Zjv and x Zm orbifolds without complex structure are not 
suitable candidates for a KKLT scenario. This investigation has been limited to the singular 
orbifold case. According to Table 3, this concerns the following orbifolds: Z3, Z7, Z3 x Z3, 
Z4 X Z4, Zg X Ze, Z2 X Zg' and Zs-i on the SU{4)'^ lattice. In this subsection we shall 
extend this discussion to resolved orbifolds. We want to apply our stability criteria, derived 
in Subsection 2.3, to check whether those orbifolds with the generic superpotential ( |2.2^j| ) 
may be suitable for a stable uplift. 

We consider an orientifold compactification on a resolved orbifold Xq with n := 
/i|+5)(X6) Kahler moduh (and h\^^^^{XQ) = 0). There are n-i untwisted moduli r* and 
n2 blow-up moduli t", with n = ni + n2. We may introduce the Kahler form J': 

711 "-2 

J = J^r' u.-J^t'' , (5.50) 

1=1 a=l 

with the Kahler coordinates r* > and t" > 0. The volume of Xq is given by 

Vol(X6) = ^ / JAJAJ. 



6 



X 



6 
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We consider the set of n divisors Vi G |ljr=i -^i ' UaLi -^aj, which are Poincare dual to 
the classes uji G {ljr=i ^« ' UaLi "^a}- Their volumes are given as usual by: 



Vto 



3 _d_ 

2 d? 

3 a 



Vol(X6 



:5.51) 



2 at^ 



Vol(X6) , a = l,...,n2 . 



Following the discussion in Subsection 2.3, the divisors Vi do not yet necessarily repre- 
sent contributing divisors Vi in ( f2.23| ). However, for resolved orbifolds Xq, the latter are 
generically related to the n original divisors Vi through linear combinations of the form 



n2 



Di — Xi Ri + ^ fXia Ec 



i = 1, . . . ,ni , 



a=l 



(5.52) 



Ea = —PaEo 



a = 1,. ..,712 , 



with some positive rational numbers Xi,Hia,Pa ^ Q^- Following Eq. ( |2.52|) , the invertible 
n X n-matrix assumes the form 



N 



A p 
-p 



(5.53) 



with the submatrices 
Ai 



A 



P 



A 



ni 



/ Pll 



\Pn^l 



P 



Pn-in2 / 



P 



V 



Pn2 / 



According to Eq. (|2.53|) , the n new Kahler coordinates corresponding to the contributing 
divisors ( |5.52| ) are related to the original orbifold coordinates r*, by the matrix (A^*)~^, 
i.e. : 




(5.54) 



Note, that the matrices A~^ and p~^ /i* A~^ have only positive entries and the negative 
n2 X n2-matrix — p"^ only acts on the blow-up moduli t", which generically are very small. 
Hence all the n new Kahler coordinates, corresponding to the divisors ( |5.52|) , are positive, 
i.e. the condition ( p.45| ) is fulfilled. 
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For concreteness, let us discuss an example. The (symmetrically) resolved Z2 x Z2 
orientifold has 3 untwisted Kahler moduli corresponding to the three radii r* of the six- 
torus = (T^)'^ and 48 twisted Kahler moduli describing the blow-up modes or 
exceptional divisors of the orbifold singularities. In the limit of = r and ti = t, the 



volume of this orientifold becomes [jT^ 



VoI{Xq) ^r^ -24 rt^ +48 . (5.55) 
From IC = 6VoI{Xq) the intersection numbers ICijk may be read off 

^,,, = 6 , }Cru = -^8 , }Cttt = '288, (5.56) 
with the intersection matrix 

^^^•=6 {-8t 48 7- 8 r) • ^^-^^^ 

With the relation V~ = jlCijktH^ we calculate the divisor volumes V~ of the divisors Vi 
corresponding to the Kahler moduli = r and = t: 

y~ =l{r^- St^) , y~ = 72 t {3t - r) . (5.58) 



The divisors Vi, which contribute to the superpotential (|2.23|) , are constructed from the 



divisors Vi through a linear combination (|2.52| ). The volume of the right divisors Vi, 
representing also the real parts of the holomorphic Kahler moduli , become : 

Re(T2) :=Vv,=--V~^ = -tir-3t) . 

In terms of the latter, the Kahler potential Kkm = —2l'n.Vol{XQ) for the Kahler moduli 
T\T^ becomes: 

K = 2 ln{T^ + T^) - In I (T^ + ) + 2 (T^ + T^) 
-{T^+T^y/^ [T^+T^ +4 (T^ +T^)]i/2| 

-21n|(Ti+TV + 16 (T^+T^) {T^ + T^) + 32 (T"^ +T^f (5.60) 

+ {T^+T^f/^ [{T^+T^)+4 (T2 + T^)]1/2 

+8 (T^+T^) (t1 + tV/2 [(t1+T^)+4 (T2 + T^)]V2| . 
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The matrix A^, defined in ( 2.52 ), is: 



N^[l 4) ■ 

According to (|2.53| ) the Kahler coordinates related to the contributing divisors T>i are0: 

= 3 r > , = 24 (r - 2t) > . (5.63) 

The positivity properties follow from the condition, that r, t lie in the Kahler cone r > 4t 
jl^ . Expressed in terms of the coordinates t\ the volume Vol{X(i) reads: 

ic = I {t^ - 1 {t^r t' + ^^t' {t'f - ^ . (5.64) 

Finally, the intersection form JCij = NJCijN^ becomes: 

2,1 ]_ ,2 _ J_fl -4_ J_ f2 

gt 6 18'' 72 

K:^J =1 I . (5.65) 

J_fl I J_ +2 J_ +1 3_+2 

is'' 72 72 '' 384'' 



Now we may apply our condition (|2.45 ) to verify whether the ansatz ( p.23| ) with the 



contributing divisors Vi may lead to a stable uplift. The criterion (|2.45|) is met, since 
> and > 0. Hence, no uplift is possible with the ansatz ( |2.23| ). This means that 
a stable minimum may be only found in the Z2 x Z2 orientifold if one also includes the 
minimization w.r.t. the complex structure moduli [|TB|. 



Similarly, the condition (|2.45|) may be verified for the orbifolds Z3, Z7, Z3 x Z3, Z4 x Z4, 



Zq X Ze, Z2 X Zg', and Zg — / with SU{4)'^ lattice to conclude, that these manifolds are 
not appropriate for a KKLT scenario. 



6. Concluding remarks 

In this article we have discussed moduli stabilization in type I IB CY orientifold com- 
pactifications within the approach of the KKLT scenario. In Section 2 we have derived 
general conditions for a stable uplift following from the F-fiatness conditions ( |2.17| ). We 
have investigated the stability criteria of type II B CY orientifold compactifications without 



According to (2.44) these coordinates may be read off from the first derivatives of the Kahler 
potential K: 

= -W Kti = 3r , = -3V Kt2 = 24 (r - 2t) . (5.62) 



60 



complex structure moduli, i.e. h^^^ \-^{Xq) = 0. For this class of compactifications, we have 
derived general criteria on the Kahler potential, cf. Eqs. ( |2.36D , ( |2.4U| ), ( [2 .451 ) or ( ^■46D . If 
one of these criteria holds, the axionic mass matrix is not positive definite and no stable 
uplift is possible. In particular, the latter conditions are met in the type IIB orientifolds 
of toroidal orbifold compactifications without complex structure moduli: Z3, Z7, Z3 x Z3, 
Z4 X Z4, Zq X Zq, Z2 X Zq>, and Zg — / with SU{4)'^ lattice. This is true both at the 
orbifold point and after the resolution. Hence, no stable uplift is possible for those orb- 
ifolds, cf. Subsection 5.5. In fact, all the existing type IIB orientifolds without complex 
structure moduli fulfill one of the conditions Eqs. (|2.36|) , ( |2.4C1|) , (|2.45|) or (|2.46|) and there- 
fore compactifications without complex structure moduli generically seem not to allow a 

stable uplift. Furthermore, in Section 3 we have presented a mechanism to stabilize Kahler 

(2) 

moduli from the cohomology H_ {Xq) by analyzing the calibration conditions of 4-cycles. 
Equipped with these results we accomplished to fix all moduli in some examples of resolved 
orbifolds: Ze-// on the root lattice of SU{2) x SU{6) and Z2 x Z4 on SU{2)'^ x ^0(5)2; 
We have stabilized for the Zg-zj-orbifold all its 27 moduli fields, cf. Table 4 and ( |5.39| ) 
and for the Z2 x Z4 orbifold all its 63 moduli fields, cf. Table 6 and ( ^.49|) . 

In most of the existing literature on fiux compactifications, one works in the lowest a'- 
expansion at string tree-level, i.e. in the supergravity approximation. Since at this order in 
a' and (^string the theory has a no-scale structure, which does not fix all Kahler moduli, one 
adds some effects which eventually allow the stabilization of all moduli fields. As proposed 
by KKLT [|l|, one promising possibility is to consider the racetrack superpotential ( |5.24|) , 
which we also have used throughout this article. The critical points found in Subsection 
5.4 are inert against corrections in a' and (/string, since the coupling constant (/string is small 
and the volume V of the compactification manifold is large. However, to discuss also other 
choices of minima one must go beyond this approximation and include corrections in both 
a' and (/string- In particular, there are both perturbative corrections to the Kahler potential 
K to all orders in (/string and world-sheet as well as space-time instanton corrections to the 
Kahler potential K in N=l CY orientifolds. It is certainly very important to gain control 
over these corrections. 

The coefficient 'yj{S,U) in the non-perturbative superpotential ( |5.24| ) accounts for 
gaugino condensation or Z)3-instanton effects. Generically, this weight factor depends both 
on the dilaton S and the complex structure moduli U''^. Due to the non-renormalization 
of the gauge kinetic function beyond one-loop, for gaugino condensation this dependence 
is fairly well under control perturbatively, cf. Eg. ( |2.15|) . On the other hand, for D3 
instantons the factor 7j(5', U) represents the one-loop determinant of the instanton solu- 
tion. The latter is hard to compute directly, except (in) directly in F- or M-theory 
or through some duality arguments |5|,^|. In Section 4 we have presented general re- 
sults {cf. Table 2), under which conditions this coefficient 7 is non-vanishing in type IIB 
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CY orientifolds. However, it is certainly important to directly calculate the dilaton and 
complex structure modulus dependence of 7 by means of an instanton calculation. 

We have obtained a fairly complete picture of the critical points of type IIB orien- 
tifolds of resolved orbifolds. Indeed, as Tables 6 and 8 show, for one orbifold there is a 
huge number of vacua with the same physical quantities thus giving rise to a landscape of 
super symmetric vacuum solutions in the flux space. Throughout this article, the fixing of 
open string moduli is not addressed. This is legitimate as we only discuss L>3-branes wrap- 
ping internal 4-cycles and no space-time filling L>3-branes. The complete tadpole ( |5.2| ) 
originating from the RR 4-form is cancelled by curvature and flux. More general setups 
would also allow space-time flUing L>3-branes and D7-branes away from the orientifold 



planes. It has been shown in [^ , |56[| , that even an ISD 3-form flux implies stabilization 
of the D7-brane positions and soft-masses for corresponding the open string moduli. Cer- 
tainly, a thorough discussion of the stabilization of open string moduli would enrich the 
present picture of the string landscape [ p7[ . 
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Appendix A. Complex structures of Z^y— and Z^r x Z^— orbifolds 



In this appendix we introduce a complex basis and complex structures for the orbifolds 
Ze-// on SU{2) x SU{6), Z2 x Z4 on SU{2)^ x SO{5)^ and Z4 on SU{4)'^. 

(i) Zg-ii - orbifold with SU{2) x SU{6) lattice 

We introduce the complex coordinates and complex structures 0: 

dz^ = dx^ + e^'^'/^dx^ + e^^^/^rfx^ - dx^ + e-^^^/^dx^ , 



= dx^ + e^^^/^rfx^ + e-^'^'^^dx^ + rfx^ + e^^'/^rfx^ , 
1 [1 

dz^ = ^= - {dx'^ - dx'^ + dx^ - dx'^ + dx^) - iU dx^ 
3 

wao = f^^"^ A (i^:^ A dz^ , 
cubo = dz^ A (i^^ A (iz^ , 
ujAz = (i^"^ A dz^ A (i^^ , 
= dz^ A (i^^ A dz^ . 



uJAo A cc;bo = ~i{U + U) 
U)AZ A = + U) 



(ii) Z2 X Z4 - orbifold with SU{2)^ x ^0(5)^ lattice : 

We introduce the complex coordinates and complex structures: 

dz^ = dx^ + U dx"^ , 

dz^ = dx^ — - {I — i) dx^ , 

dz^ ^dx^ -- (1 + i) dx^ . 
2 

{in) Z4 - orbifold with SU{4)'^ lattice 

We introduce the complex coordinates and complex structures: 

dz'^ = dx^ — dx^ + i dx'^ , 
dz'^ = dx^ — dx^ + i dx^ , 
dz^ = dx^ - dx"^ + dx^ + U (dx^^ - dx^ + dx^) 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
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In the complex basis we havelll |j5^]: 

n^gn = 2 ReT^ \N^\'^ + 2 ReT^ |A^2|2 ^ 3 ReT^ |A^3|2 
+ 2 (ReT^^ + i ReT'^') N'N^ + 2 (ReT 
with the complex (normalized) lattice vectors 

V2 



(A.6) 



(A.7) 



2 



following from (|A.5|) . The definition of the complex numbers A^* represents an unimodular 
transformation, i.e. detY = 1, on the integers n*. Hence it preserves the volume of the 
integer space n* when moving to the complex space A^* . Note the additional factor of 1 /2 
for A^^. The Kahler moduli follow 





= -\- X -\- i a , 




rp2 


= S^ + y + i(3 , 




rp3 


= 2 \/Axy - {v ^ z) 


2 + 2 i (5 + e) 


rpl2 


= - {V + Z) + - 




rp21 


= \ {v-z)-i-i- 





(Ai 



with 



(det^) 



1/2 



T^2 



Furthermore, the complex structure ^8 

1 



U 



2 X 



[v + z — i a/ 4xy — {v + zY' ] ■ 



^2 Note that for a 2-torus we have n^gn = 2 ReT \ N\'^, with TV 
one also introduces N = + U n'^ such that n*gn = 2 ReT 



2C/2 



2U2 
2 



(A.9) 

(n"^ + ?7n'^). Sometimes 



|A^| . Essentially, the two 



coordinates A'' and N only affect the normalization of the volume {U2 or 1/2) of the complex torus 



with the corners (0, 1, ?7, 1 + U) or 



/2U2 



{0,1,17,1 + U), respectively. At any rate the coordinate 



N represents an unimodular transformation from the integer space to the complex space, i.e. 
it preserves the volume of the integer lattice and there is an one to one map from to N. 
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Following we may introduce new Kahler moduli: 

11 11 ^^-10) 

T^^=T^^-tT^' = u + -{l-t)v + -{l + t)z-^--{l-t)5--{l + i)e 
such that 

(det^)i/2 = 1 [(T^ +T^) +T^) - (f 12 +T21) (f^i +Ti2) ] (T^ + T^) . 
8 

Clearly any transformation — > + 1 is a symmetry of the reflecting the periodicity 
X* — > + 1 of the lattice (in the lattice basis). It is not a priori guaranteed, that our 
three complex tori, introduced through the coordinates ( A.7| ) share this periodicity. The 
third torus lies within the full six-dimensional lattice and has been defined such, that the 
integers are mapped one to one onto the complex numbers A^*. By introducing new 
lattice vectors n* in ( |A.7| ) we may disentangle the six windings such that our three 
complex tori become independent. We introduce: 

~1 1 ~2 2 

n = n — n , n = n , 

—4 4 6 —5 5 

n=n~n,n=n, 

= - (n^ + 71^-^2) , = - {n^ - n^) . 

Since dety = 1, with n* = Y-^ , the map ( |A.11| ) represents an one to one transformation 
from the integers to the numbers n*. The latter however may become half-integer. This 
way ( [A.7| ) becomes: 

iV^ = ^ (n^ + z n^) , n^n^GZ, (A.12) 

= — ^ (n^ + Un^) , n^ e -Z . 

^ ' ' 2 

Now, the complex coordinates assume the expected form of three independent two-tori 
(c/. the above footnote). Note, that the property n^,n^ G |Z means, that some lattice 
points are mapped into the third torus rather than onto its corners. E.g. the point 
— 1 becomes = |. Nevertheless, the third torus with the complex structure U is 
spanned by the points (n^,n^) — (0,0), (0,1), (0,1) and (1,1), with ,r? ,n'^ ^n^ = 0. 
This corresponds to the original lattice points (n^, n^, n^, n^, n^, n^) = (1, 0, 1, 1, 0, 1). This 
way, the third torus is decoupled from the other two. 



dz^ = dx^ — dx^ + i dx"^ , 

(A.13) 



dz"^ = dx'^ — dx^ + i dx^ 



dz^ dx^ - dx^ + dx^ -iU {dx^ - dx^ + dx^) ] . 
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